NONABELIAN MULTIPLICATIVE INTEGRATION ON SURFACES 

AMNON YEKUTIELI 
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Abstract. We construct a 2-dimensional twisted nonabelian multiplicative integral. 

This is done in the context of a Lie crossed module (an object composed of two Lie 

groups interacting), and a pointed manifold. The integrand is a connection-curvature 
y—^ pair, that consists of a Lie algebra valued 1-form and a Lie algebra valued 2-form, 

^~H satisfying a certain differential equation. The geometric cycle of the integration 

^ _ ^ is a kite in the pointed manifold. A kite is made up of a 2-dimensional simplex 

Cn in the manifold, together with a path connecting this simplex to the base point of 

(-H the manifold. The multiplicative integral is an element of the second Lie group 

j^ in the crossed module. 

^~i We prove several properties of the multiplicative integral. Among them is the 

/^v 2-dimensional nonabelian Stokes Theorem, which is a generalization of Schlesinger's 

Theorem. Our main result is the 3-dimensional nonabelian Stokes Theorem. This is a 
I I totally new result. 

^ J The methods we use are: the CBH Theorem for the nonabelian exponential 

^^ map; piecewise smooth geometry of polyhedra; and some basic algebraic topol- 

M ogy- 

r^ The motivation for this work comes from twisted deformation quantization. In 

"*^ the paper tYe2] we encountered a problem of gluing nonabelian gerbes, where 

Sthe input was certain data in differential graded algebras. The 2-dimensional 
multiplicative integral gives rise, in that situation, to a nonabelian 2-cochain; and 
^"^ the 3-dimensional Stokes Theorem shows that this cochain is a twisted 2-cocycle. 
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0. Introduction 



0.1. In this paper we establish a theory of twisted nonabelian multiplicative inte- 
gration ofl-forms on surfaces. 

Let us begin the exposition with a discussion of 1-dimensional nonabelian multi- 
plicative integration. This goes back to work of Volterra in the 19-th century, and is 
also known by the names "path ordered exponential integration" and "holonomy 
of a connection along a path". See the book |DF| and the paper | |KMR| for history 
and various properties. 

In our setup the 1-dimensional multiplicative integral looks like this. Let G 
be a Lie group, with Lie algebra g, and let X be an n -dimensional differentiable 
manifold (all over the field R). We denote by 

the de Rham algebra of X (i.e. the algebra of smooth differential forms). By 
smooth path in X we mean a smooth map a : A ^ X, w^here A is the 1- 
dimensional simplex. Let 

a e n^(x)(g)0. 

The multiplicative integral of a on a is an element 

(0.1.1) MI(a \cr)eG, 

obtained as the limit of Riemann products. This operation is re-w^orked and ex- 
tended in Section l3] of our paper. 



0.2. For reasons explained in Subsection 0.11 of the Introduction, we found it 
necessary to devise a theory of 2-dimensional nonabelian multiplicative integration. 
Our w^ork was guided by the problem at hand, plus ideas borrowed from the 
papers iBMllBSllKHl. 

Instead of a single Lie group, the 2-dimensional operation involves a pair 
{G,H) of Lie groups, with a certain interaction between them. This structure 
is called a Lie crossed module. A Lie crossed module 

(0.2.1) C=(G,H,T,cD) 

consists, in addition to the Lie groups H and G, of an analytic action T of G on H 
by automorphisms of Lie groups, which w^e call the twisting; and of a map of Lie 
groups (i> : H ^ G, called the feedback. The conditions are that O is G-equivariant 
(with respect to T and to the conjugation action Adc of G on itself); and 

(0.2.2) T o O = AdH . 

See I IBMIIBSI . The integrand is now a pair (a, /5), with 

(0.2.3) a e n^(X) (g)fl and ^ E ^(X) ® t). 

Here f) is the Lie algebra of H. 

Let xq be a point in X, so the pair (X, xq) is a pointed manifold. The geometric 
data (the cycle) for the multiplicative integration is a kite (tr, t) in (X, xq)- Let us 
denote by cq/ ■ ■ ■ / ^p the vertices of the p-dimensional simplex A^. By definition 
a smooth triangular kite (u, t) in (X, xg) consists of smooth maps c^ : A^ ^> X 
and T : A^ ^> X, such that cr{vo) = xq and cr{vi) = t{vq). See Figure nl for an 
illustration. 

The next theorem summarizes our construction. It encapsulates many results 
scattered throughout the paper. 
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Figure 1. A smooth triangular kite (u, t) in the pointed manifold {X,xq). 



Theorem 0.2.4 (Existence of MI on Triangles). Let C = {GrHfY, <i>) be a Lie crossed 



module, (X, xq) ^ pointed manifold, and (a, /5) a pair of differential forms as in 1 0.2.3 1. 
Given any smooth triangular kite {a, t) in (X, xq), there is an element 

Ml{DL,^\a,T) e H 

called the twisted multiplicative integral of (a, /5) on (c^, t). 
The operation MI(— , — ) enjoys these properties: 

(a) The element MI (a, /5 1 cr, t) has an explicit formula as the limit ofRiemann prod- 
ucts. 

(b) The operation MI(— , — ) isfunctorial in C and (X, xq). 

(c) If H is abelian and G is trivial, then 

MI(a, /5 1 cr, t) = expjj 



More on the construction in Subsections 10 .6ll0!8l and lOTOl of the Introduction. 

As far as we know, this is the first construction of a nonabelian multiplica- 
tive integration on surfaces of such generality. The very special case G = H — 
GLm(R) was done by Schlesrnger in the 1920's; cf. llDFllKMRII . 

0.3. Actually in the body of the paper we work in a much more complicated 



situation. Instead of a Lie crossed module 10.2.1 1, w^e work with a Lie quasi crossed 
module with additive feedback (See SectionlSl. The reason for the more complicated 
setup is that this is what is required in the paper | Ye2| . In the Introduction w^e 
stick to the simpler setup of a Lie crossed module, w^hich is probably interesting 
enough. Note how^ever that all the results mentioned in the Introduction are valid 
also in the more complicated setup. 

0.4. In this subsection w^e explain the nonabelian 2-dimensional Stokes Theo- 
rem. For this to hold it is necessary to impose a condition on the integrand (a, /5). 
Recall the feedback (£> : H ^> G. Consider the induced Lie algebra homomor- 
phism 

Lie(<l)) : [} ^ 0. 
By tensoring this induces a homomorphism of differential graded Lie algebras 

^:n(x)®fi^n(x)®fl. 

We say that (a, /5) is a connection-curvature pair for C/X if 

(0.4.1) </)(/S)=d(a) + l[a,a] 

in n^(X) Q. (In IIBMI this condition is called the vanishing of the fake curvature.) 
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Figure 2. The boundary d^a, t) of the kite {a, t) from Figure ITj 




Figure 3. A smooth triangular balloon (cr, t) in the pointed man- 
ifold (X, Xq)- 



The boundary of a triangular kite (c^, t) is the closed path d{a,T) depicted in 
Figure [2] 

Theorem 0.4.2 (Stokes Theorem for Triangles). Let C = {GrHfY, <$>) be a Lie crossed 
module, {X,xq) a pointed manifold, and {a.,fi) a connection-curvature pair for C/X. 
Given any smooth triangular kite {a, t) in (X, xq), one has 



cD(MI(a,^|(7,T)) =Ml{oi\d{a,T)) 



in G. 



The special case G = H = GLm(]R) is Schlesinger's Theorem (see IIDFIIKMRl '). 

0.5. We now approach the main result of the paper, namely the nonabelian 3- 
dimensional Stokes Theorem. 

A smooth triangular balloon in (X, xq) is a pair [a, t), consisting of smooth maps 
(J : A^ ^ X and t : A'' ^- X, such that cr{vQ) = xq and (^{vi) = t{vq). See Figure 
|3]for an illustration. 

The boundary of a balloon {a, t) is a sequence 

3((7,t) = (3i(t7-,T), 82(0", t), 33(cr,T), d4{cr,T)) 



NONABELIAN MULTIPLICATIVE INTEGRATION 




3l(f^,T) 






Figure 4. The four triangular kites that make up the sequence 
3(cr, t). Here (u, t) is the triangular balloon from FigureBJ 

of triangular kites. See Figure B] We write 



(0.5.1) 



MI(a,^ I d{cr,T}) := JJ Ml{a,^\ di{cr,T)), 



1=1 



where the order of the product is left to right. 

Let Hq := Ker(<I>), which is a closed Lie subgroup of H. We call it the in- 
ertia subroup, and f)o := Lie(Ho) is called the inertia subalgebra. Note that Hq is 
contained in the center of H, so Hq is an abelian Lie group. A form 

7enP(x)®[)o 

is called an inert p-form. 

We say that a form a e n^(X) (^i g is tame connection if it belongs to some 
connection-curvature pair (a, /5). We show (in Subsection 8.3 1 that given a tame 
connection a and an inert 3-form 7, there is a well defined twisted abelian multi- 
plicative integral 

MI(a,7|cr,T) E Hq. 

For g e G there is a Lie group automorphism Y(g) : H — )• H. Its derivative is 

Th(g):=Lie(Y(^)):()^t). 
As g varies we get a map of Lie groups 



(0.5.2) 



Y, 



GL(f)). 



The derivative of Yf, is a map of Lie algebras 

Lie(Yf,):fl^g[((,)=End(()). 

This extends by tensor product to a homomorphism of differential graded Lie 
algebras 

Tpt, : n(X) (E)g^ n(X) (g) End(f)). 
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Given a connection-curvature (a, /5), its 3-curvature is the form 

(0.5.3) 7 := d(^) + !/^„ (a) (^) e Q^ (» (). 

(This is the name given in fBM].) 

We can now state the main result of the paper. (See Theorem 9.3.5 for the full 
version.) 

Theorem 0.5.4 (Stokes Theorem for Tetrahedra). Let C = (G, H,Y, O) be a Lie 
crossed module, (X, xq) ^ pointed manifold, and (a, j6) a connection-curvature pair for 
C/X. Let 7 be the 3-curvature of [a, /3). Then: 

(1) The form 7 is inert. 

(2) Given any smooth triangular balloon {(t,t) in {X,xq), one has 

Ml{oi,f,\d{a,T)) =MI(a,7|tr,T) 
inH. 



In this generality. Theorem 0.5.4 appears to have no precursor in the literature. 
The special (but most important) case, namely 7 = 0, was taken to be true in 
some papers (e.g. IIKollBSi l), but no proofs were provided there. 

0.6. In this and the next few subsections we will explain some of the work lead- 
ing to the theorems mentioned above. 

The methods used in the constructions and proofs are of tw^o kinds: geometric 
and infinitesimal. The geometric methods consist of dividing kites into smaller 
ones, and studying the effect on the corresponding approximations (Riemann 
products). The infinitesimal methods involve Taylor expansions and estimates 
for the nonabelian exponential map. 

Throughout most of the paper we work with linear quadrangular kites in polyhe- 
dra, and with piecewise smooth differential forms, rather than with smooth triangular 
kites in manifolds and smooth differential forms. The reason for choosing quad- 
rangular kites is mainly that it is much easier to carry out calculations of Taylor 
expansions on squares, as compared to triangles. Also the combinatorics of quad- 
rangular kites and their binary subdivisions is simpler than that of triangles. See 



Subsections 4.1|4.2 A review of the piecewise linear geometry of poyhedra, and 
of piecewise smooth differential forms, can be found in Section IT] 

The key technical result that allows us to calculate nonabelian products is The- 
orem 2.1.2 on estimates for the nonabelian exponential map. These estimates are 
gotten from the CBH formula. Sectionl2]is devoted to the proof of these estimates. 

For heuristic purposes w^e introduce the concept of "tiny scale". By tiny scale 
(depending on context of course) w^e mean geometric or algebraic elements that 
are so small that the relevant estimates (arising from the CBH formula or Taylor 



expansion) apply to them. See Remark 3.3.5 



0.7. For n > let I" be the n-dimensional cube. We give names to some vertices: 
Vq := (0,...,0), and 

vr- (o,...,i,...,o) 

with 1 in the f-th position, for f = 1, . . . , n. The base point for I" is i^o- 

Let (X, xg) be a pointed polyhedron. By linear string in X w^e mean a sequence 
cr — {tXi, . . . , (Tm) of piecewise linear maps CT; : I^ — > X, such that (j,(ci) = cr,-^i(z;o). 
The maps (T, are called the pieces of a. In Section l3] we construct the non- 
abelian multiplicative integral MI (a | cr) of a piecewise smooth differential form 
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a e Cipyj^{X) (g) g on a string cr. This construction is quite simple and essentially 
the same as the classical one. We also prove a few basic properties of this MI. 

0.8. In Section |4] we construct the 2-dimensional nonabelian multiplicative inte- 
gral MI(a, /5 1 u, t). Here {cr, r) is a linear quadrangular kite in the pointed poly- 
hedron {X,xq). By definition this means that cr is a string in X, and t : I^ ^- X is 
a linear map. The conditions are that the initial point of a is xq, and the terminal 
point of a is t(z;o). The integrand (a, j6) consists of piecewise smooth differential 
forms: 

a e n^ws(x) ®9 and ^ e n2^s(x) f). 

The coarse approximation of the 2-dimensional nonabelian multiplicative inte- 
gral is as follows. Given a kite {a, t) in (X, xq), let 

g:=Mlia\a)eG; 



so applying the operator T(, (g) from 10.5.2 1 we have a new (twisted) 2-form 



Yh(^)(i6)en2„,(x)®f). 

We define the basic Riemann product of (a, j6) on [a, t) to be 



(0.8.1) RPo(«,/5k,T):=expH^T^(g)(/5)j e H. 

(Actually in the body of the paper we use another formula for RPo(a, j6 | o", t). 



that converges faster; see Definition 4.3.3 and Remark 4.3.4 ) 



For the limiting process we introduce the binary subdivisions of I^. The A:-th 
binary subdivision is the cellular decomposition of I into 4 equal squares, and 
we denote it by sd I'^. The 1 -skeleton of sd I^ is denoted by ski sd^ I^. Its fun- 
damental group (based at Cg) is denoted by 7ri(skisd I^). It is very important 
that the group n\ (sk^ sd^ I'^) is a free group on 4 generators. We say that a kite 
[cr, t) is patterned on sd I^ if for every piece u/ of the string a, the image c^/(I^) is 
a 1-cell of sd'' I^, and t{\^) is a 2-cell of sd*" I^. 

A tessellation of I is by definition a sequence ((u;, t,)) . , .^ of square kites in 

(I^, Co), each patterned on sd'I^, satisfying the following topological condition. 
Let us denote by [3(cr,, t,)] the element of Tt\ (ski sd I^) represented by the closed 
string 3((7„T,). Then 

(0.8.2) np(^"^.)] = pi'] 

1=1 

in 7ri(skisd''l2). 

For the construction we choose a particular tessellation for every k. It is called 
the k-th binary tessellation, and the notation is tes'^I^. The actual definition of 
tes I^ is not important (since it is quite arbitrary, and chosen for convenience). 
All that is important are its two properties: 

• It is a tessellation; i.e. equation |0.8.2[ holds. 



• It has a recursive (self similar) nature. 

For fixed k and a kite {a, t) we obtain, by a simple geometric operation, the 
fc-binary tessellation 



of {cr, t), which is a sequence of kites in (X,xo)- (See Definition 4.2.7 ) 
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For every f G {1, . . . ,4 } we have the basic Riemann product 

RPo(a,/3| tesf^T)) 
on the kite tes^(cr, t). We define the k-th Riemann product to be 

(0.8.3) KPk{a,^\(7,T) := H RPo(a,^ | tesf (t7,T)). 

1=1 



In Theorem 4.4.15 we prove that the limit 

limRP,t(a/|6|D-,T) 

k—>co 

exists in H. The proof goes like this: for sufficiently large k the kites tes^((7', t) are 
all tiny. We use estimates to show that the limits 

lim RP^f {oc,p\ tesf(tr,T)) 

k'^oo 

exist for every i. Due to the recursive nature of the binary tessellations, this is 
enough. We can finally define 

(0.8.4) MI(a,^|c7,T) := lim RP^(a,,6 | c7,t). 

0.9. In Section l6] we prove the 2-dimensional Stokes Theorem. It is the same 
as Theorem 0.4.2 except that it talks about piecewise smooth forms on a pointed 
polyhedron and linear quadrangular kites. Again the proof is by reduction (using 
the recursive nature of the binary tessellations) to the case of a tiny kite. And then 
w^e use approximations (both of Taylor expansions and the exponential map) to 
do the calculation. 

A very important technical consequence of the 2-dimensional Stokes Theorem 
is: 

Theorem 0.9.1 (Fundamental Relation). Let C = {G,H,'W,<S>) be a Lie crossed mod- 
ule, (X, xq) ^ pointed polyhedron, {oc,^) a piecewise smooth connection-curvature pair 
for C/X, and [a, t) a linear quadrangular kite in (X,xo)- Consider the elements 

g:=Ml{ci\d{a,T)) e G 

and 

h:=Ml{oL,p,\a,T) e H. 
Then 

Y(g)=Ad„(/i) 
as automorphisms of the Lie group H. 

In Section Is] w^e prove the first version of the main result of the paper, namely 
the 3-dimensional Stokes Theorem (Theorem 8.6.6) . This is like Theorem |0.5.4} 
only for piecewise smooth connection-curvature pairs, and for linear quadrangu- 
lar balloons. 

The strategy of the proof is this. Using Theorem 0.9.1 and a lot of combina- 
torics of free groups (done in Section Izl, we reduce the problem to the case of a 
tiny balloon. And for a tiny balloon we use Taylor expansions and the estimates 
from Theorem 12. 1.21 
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0.10. Finally, in Section l9l we show how to pass from quadrangular kites to 
triangular ones. This is very easy, using the following trick. The triangle A is 
naturally embedded in the square I^; and there is a piecewise linear retraction 
h : l^ ^ A . Consider the "universal triangular kite" {a' ,t') , and the "universal 
quadrangular kite" {a' ,t"), both in {\^,vq); see Figures 
piecewise linear retraction 



34 



35 



and 



36 



There is a 



g : 12^(7' (i1)Ut'(i2). 

These maps are related by 

t' oh = go t" , 

as maps I^ — > I^. 

Given a smooth kite (u, t) in a pointed manifold (X, xq)/ there a piecewise 
smooth map / : I^ ^- X such that f o a' = a and for' = t. Given a smooth 
connection-curvature pair (a, /5) for C/X, the pair 

K/5'):=(rw,r(/3)) 

is a piecewise smooth connection-curvature pair (a, j6) for C/I^. We define 

(0.10.1) MI(a,,6 I (r,T) := MI(a',^' | c/ ,t"). 

The results proved for quadrangular kites can be easily transferred to triangu- 
lar kites by similar geometric tricks. 

0.11. The reason we became interested in nonabelian multiplicative integration 
is its application to twisted deformation quantization of algebraic varieties. Let K 
be a field containing R. In our paper l,Ye2J we encounter gerbes on a topological 
space that are controlled by a cosimplicial quantum type DG Lie algebra over K; cf. 



Subsection 5.5 The Thom-Sullivan normalization of this cosimplicial quantum t5^e 
DG Lie algebra is a quantum type DG Lie algebra, say f = 0/>-i f . Suppose 
i? = K ® m is an artinian local commutative K-algebra with (nilpotent) maximal 
ideal m. It turns out that a solution cv to the Maurer-Cartan equation in the DG Lie 
algebra m 0k f gives rise, for every p > 0, to a Lie quasi crossed module 

C'' = (G^HP,Y,cD) 

with additive feedback over the pointed polyhedron (A'', vq). (The groups C and 
HP are actually infinite dimensional - pro-ind-unipotent to be precise - but that 
is a minor technical issue that is easy to overcome.) The Maurer-Cartan solution 
CO also gives rise, for every p, to a connection-curvature pair {af,fif') in QP I SP . 
All this structure is cosimplicial (as p varies). The multiplicative surface integral 

/z:=MI(a^,62| A^) e h2(K) 

is a twisted nonabelian 2-cochain in the cosimplicial group {HP }p>o. It is known 
that the 3-curvature 7'' of the pair {0? ,f?^ vanishes. Theorem 0.5.4 applied to 
C3/A^ says that 

M^{o?,f\'dt^) =1 

in H''(K). This means that that /z is a twisted 2-cocycle. Geometrically the con- 
clusion is that a certain gerbe exists. 
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Figure 5. The polyhedra A^ = I^, A^ and I^, with their vertices 
and orientations. 



1. Polyhedra and Piecewise Smooth Geometry 

1.1. Conventions. In this paper we work over the field IR of real numbers. We 
denote by A" = A" (R) the real n-dimensional affine space, with the usual smooth 
(i.e. C°° differentiable) manifold structure, and the standard euclidean metric. The 
symbol ® stands for 0]^. The coordinate functions on A" are fi, . . . , t„. 

1.2. Embedded Polyhedra. By affine map / : A™ -^ A" we mean the composi- 
tion of a linear homomorphism and a translation. Thus the group of invertible 
affine maps of A" is GL„ (]R) x ]R" . By linear subset X of A" we mean the zero 
locus of some set of linear functions (not necessarily homogeneous). In other 
words X is the image of some injective affine map / : A™ -^ A"; and then w^e let 
m be the dimension of X. 

Given a set S C A", its affine (resp. convex) hull is the smallest linear (resp. 
convex) subset of A" containing S. In case S is finite, say S = {xi, . . . , x,„}, then 
a point X is in the affine (resp. convex) hull of S if and only if x = J^f^i ^i^i for 
some real numbers ai, . . . , a„i satisfying J^Uj = 1 (resp. and fl, > 0). 

By embedded polyhedron we always mean a convex bounded finite polyhedron 
in A", for some n. Namely a polyhedron X in A" is the convex hull of a finite 
subset of A" . A point x G X is called a vertex if it is not in the convex hull of any 
finite subset of X — {x}. If we denote by S the set of vertices of X, then S is finite, 
and X is the convex hull of S. The dimension dim X is the dimension of the affine 
hull of X, and we call A" the ambient linear space of X. The standard euclidean 
metric on A" restricts to a metric on X. 

We shall mostly encounter two kinds of embedded polyhedra. The first is the 
n-dimensional cube I". This is the subset of A" defined by the inequalities 

0<fi,...,f„ <1. 

As a convex set it is spanned by its 2" vertices. See Figure ISlfor an illustration. 

The second kind of embedded polyhedron is the n-dimensional simplex A", em- 
bedded in A"+^. We use barycentric coordinates tQ,ti . . . , t„ on A""'"^ when deal- 
ing with the simplex. In these coordinates A" is the subset of A"+^ defined by 
the conditions 

n 

0<to,...,t„and ^f/ = l. 

! = 

As a convex set it is spanned by its n + 1 vertices. 

Suppose X and Y are both embedded polyhedra. A linear map f : X ^- Y 
is a function that extends to an affine map between the ambient linear spaces. 
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Such a map / is determined by its value on a sequence {vq, . . . ,Vn) of linearly 
independent points in X, when n := dimX. Thus we shall often describe the 
linear map / as 

f{vo,...,Vn) = {wo,...,W„), 

or just / = {wq, . . . ,w„), where Wj := /{vj). 

In case X is the cube I", embedded in A", we shall look at the following linearly 
independent vertices: z^o is the origin (0, . . . , 0), and for ; = 1, . . . , n we take 

(1.2.1) Vi:={0 1 0), 

with 1 in the f-th position. In case of the simplex A", embedded in A"+^ with 
barycentric coordinates, w^e look at all its vertices, and use the notation 



(vq, ... ,Vn), where c,- is as in equation 11.2.1 1. 



1.3. Smooth Maps and Forms. The algebra of smooth real functions on A" is 
denoted by 0{A'^). The de Rham DG (differential graded) algebra of smooth 
differential forms on A" is 

n(A") = nP(A"), 

with differential d. 

Let X be an Tw-dimensional polyhedron embedded in A". The set X is a com- 
pact topological space, its interior IntX is an jw-dimensional manifold, and the 
boundary 3X is a finite union of {m — 1) -dimensional polyhedra. But X also has 
a structure of smooth manifold with corners. Here is what this means: a function 
/ : X ^- R is said to be smooth if it extends to a smooth function / : (J ^- ]R on 
some open neighborhood U of X in A". We denote by 0{X) the ring of all such 
smooth functions. A function / : X ^ ]R is called linear if it the restriction of a 
linear function A" -^ ]R. 

Once we know what a smooth function on an embedded polyhedron X is, 
it is clear what we mean by a smooth map f : X ^> Y, when Y is a manifold 
or an embedded polyhedron (w^e w^on't be interested in maps from manifolds to 
polyhedra). Thus, if X is a polyhedron embedded in A", and Y is a manifold, then 
the condition for / to be smooth is that it extends to a smooth map f : U ^> Y on 
some open neighborhood Lf of X in A". 

Let X be an ;«-dimensional polyhedron embedded in A". A smooth differential 
p-form on X is a differential form a e n''(IntX), that extends to a form a. e n''(U) 
on some open neighborhood Lf of X in A". The set nP{X) of smooth differential 
p-forms on X is a free 0(X)-module of rank ("'). Indeed, if we choose linear 
functions Si,...,Sm on A" that are linearly independent when restricted to X, 
then the set 

(1.3.1) {ds/j A ■ ■ ■ A ds,p}i<,j<...<;^,<;„ 

is a basis for ClP (X) as 0(X)-module. We refer to the sequence (si, . . . ,Sm) as a 
linear coordinate system on X. 

Definition 1.3.2. Let s = (sj, . ..,s,„) be a linear coordinate system on the m- 
dunensional polyhedron X. Given a form a. G nP(X), it has a unique expansion 
as a sum 

a = ^ ft,- ■ ds,-j A ■ ■ ■ A ds/ , 
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where i — (i\, . . . , ip) runs over the set of strictly increasing multi-indices in the 
range {1, . . . , m}, and a,- e 0{X). The functions a,- are called the coefficients of oc 
with respect to the linear coordinate system s. 

A smooth map f : X ^- Y between embedded polyhedra or manifolds induces 
a DG algebra homomorphism (pullback) /* : n(Y) -^ Ci{X). If / is a closed 
embedding then the homomorphism /* is surjective, and we usually write a\x '■= 
/*(a)fora e n(Y). 

Let us denote by OconstlA") the R-subalgebra of n(A") generated by the ele- 
ments dii, . . . ,dtn- Now suppose X is an Tw-dimensional polyhedron in A". The 
image of nconst(A") under the canonical surjection n(A") -^ n(X) is denoted 
by nconst(X), and its elements are called constant differential forms. There is an 
isomorphism of graded algebras 

n(x)?^o(x)®nconst(x). 



If w^e choose a linear coordinate system (si, . . . ,s„,) on X, then 11.3.1 1 is an R-basis 

^const I 



forni'onst(X). 



Definition 1.3.3. Given a smooth form a E nP(X) and a point x E X, we define 
the constant form associated to a at x to be 

a(x) := J2 ^i{x) ■ ds/i A ■ ■ ■ A ds,p E n,^onst(X)' 
i 

where the functions &i are the coefficients of a relative to some linear coordinate 



system s = (si, . . . , Sm), as in Definition 1.3.2 



Note that a{x) is independent of the linear coordinate system. 

Let / : X ^- Y be a linear map between embedded polyhedra. If g is a linear 
function on Y, then /* (g) = g o f is a linear function on X; and if a G nconst(^)/ 
then/* (a) e nconst(X). 

1.4. Abstract Polyhedra. It turns out that the geometric structure of a polyhe- 
dron is easy to encode, and it is nicer to work with polyhedra that are not embed- 
ded. By a polyhedron w^e mean a metric space X, such there exists an isomorphism 
of metric spaces / : X ^ Z for some embedded polyhedron Z c A™. Here A™ 
has its standard euclidean metric, and Z has the induced metric. We call the map 
/ : X — >• A™ a linear metric embedding. If /' : X ^> Z' c A™ is another linear 
metric embedding, then there is an affine map g : A'" -^ A'" such that /' = go f. 
This shows that the notions of dimension, smooth function, smooth differential 
form, linear function and constant differential form are independent of the linear 
metric embedding we choose. We denote by diam(X) the diameter of X, namely 
the maximal distance between any two points. 

A sub-polyhedron of a polyhedron X is a subset Z c X which is the convex 
hull of a finite subset. The metric on Z is the one induced from X. Thus Z itself 
is a polyhedron. The inclusion Z ^- X is also called a linear metric embedding. 

Say X is an n-dimensional polyhedron. An orthonormal linear coordinate system 
on X is a sequence s = (si, . . . , s„) of functions s, : X — )• M, such that the map 
X -^ A" induced by s is a linear metric embedding. Note that each s, is then a 
linear function on X. In this situation, for any x,y E X the distance between them 
is 



dist(x,y) = (^"^^(s,(x) -s,(y)) 



2\l/2 
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We can view our polyhedra as Riemannian manifolds with corners. Given an 
orthonormal linear coordinate system s = (si, . . . , s„) on X, consider the constant 
symmetric 2-form 

n 
COX ■■= E ds,-0dS; e nconst(X) ®Rnconst(X) C Cl^ {X) ®o(x) ^^(X). 
1=1 

The form cox is independent of the orthonormal linear coordinate system. It 
encodes the global metric (the distance function) in the obvious way. 
Suppose / : X ^ Y is a linear map betw^een polyhedra. Then 

f*{u>Y) S nconst(X) ®Rnconst(X). 

The map / is conformal if and only if f*{ojY) = aojx for some positive real 
number a, which w^e call the scaling factor. And / is a linear metric embedding if 
and only if a = 1. 

1.5. Piecewise Smooth Forms and Maps. Let X be an n-dimensional polyhe- 
dron. A p-dimensional linear simplex in X is by definition the image of an injec- 
tive linear map t : AP ^^ X. A linear triangulation ofX is a finite collection {X.-j.-gj 
of linear simplices in X, such that X, y^ Xj- if j ^ k; each face of a simplex X, 
is the simplex Xj- for some k E }; for any i,k E } the intersection Xj n X/t is the 
simplex X; for some I E /; and X = U/g/ Xy. We let }p := {j E } \ dim Xj = p}, so 
J = Uo<p<n Jp- The topological space 

skpT:= U U^i 

is called the p-skeleton of the triangulation T. 

We shall have to use piecewise smooth differential forms on polyhedra. Sup- 
pose T = {Xj}ji=j is a linear triangulation of a polyhedron X. A piecewise smooth 
dijferential p-form on X, relative to the triangulation T, is a collection {a.j.gj of differ- 
ential forms, with a, E CiP{Xj), such that for any inclusion X, C Xj. of simplices 
one has oijlx^ = ^k- Let us denote by npws(X;T) the set of piecewise smooth 
differential p-form on X relative to T, and 

n 

npws(X;T):=0 nPws(X;T), 
p=0 

where n := dimX. This is a DG algebra. 

Next suppose S = {YfcjjteK is a linear triangulation of X w^hich is a subdi- 
vision of T. This means that each simplex Yj; is contained in some simplex X;. 
Take a piecewise smooth differential form a = {a,} E npvvs(X;T). Then there is 
a unique piecewise smooth differential form /3 — {/Sj.} E npws(X;S) satisfying 
h ~ '^Mk ^'^^ ^^y inclusion Yj. C X,. In this way w^e get a DG algebra homo- 
morphism npws(X;T) -^ npws(X;S), which is actually injective. Since any two 
triangulations have a common subdivision, the DG algebras npws(X;T) form a 
directed system. 

Definition 1.5.1. Let X be a polyhedron. The algebra of piecewise smooth differential 
forms on X is the DG algebra 

npws(X) := lim npws(X;T), 
where T runs over all linear triangulations of X. 
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This definition is very similar to Sullivan's PL forms; see |FHTj. 

Note that any element of Ci^wsi^) is represented by some a E OJ^wsC^;^)/ 
where T is a linear triangulation of X. Such a triangulation T is called a smoothing 
triangulation for a. There are rnjective DG algebra homomorphisms 

(1.5.2) n(x) ^ npws(X; T) ^ npws(x). 

It is an exercise to show that the cohomology of n(X) vanishes in positive 
degrees, and H n(X) = ]R (recall that X is convex). Also the homomorphisms 
(1.5.2| are quasi-isomorphisms. (We shall not use these facts.) 



Let X be a polyhedron, let T = {Xjjj^j be a linear triangulation of X, and let 
Y be a manifold. A map / : X ^- Y is called a piecewise smooth map relative to T if 
/ 1 X : X, ^> Y is smooth for every / G /. We say that / : X ^ Y is a piecewise smooth 
map if it is piecewise smooth relative to some linear triangulation T; and then w^e 
say that T is a smoothing triangulation for /. Note that a piecewise smooth map 
/ : X ^ A^ is the same as an element of C'pws(X) := n^,^g(X). Given a piecewise 
smooth map / : X ^ Y, there is an induced DG algebra homomorphism 

/* : n(Y) ^ npws(x). 

Next suppose X and Y are both polyhedra. Then we can talk about piecewise 
linear maps f : X ^ Y, using linear triangulations of X as explained in the previ- 
ous paragraph. Given a piecewise linear map / : X — > Y, there is an induced DG 
algebra homomorphism 

/ : f^pws(^) ~^ ^pws(^). 

As usual, if / is an embedding, then we write a|x '■= f*{'^) for a e ClpwsO^)- 

Let a G rjpws (X) . The form a can be presented as follows. Choose a smoothing 
triangulation T = {X.j.gj for a; so that a|x G ^^i^j) for every j. Let s = 
(si, . . . ,s„) be a linear coordinate system on X. For any j let a, ,• G 0{Xj) be the 
coefficients of a|x with respect to s, as in Definition 



1.3.2 



Then 



(1.5.3) ix\x. = Y^ aj^i ■ ds,j A ■ ■ ■ A ds,-, G nP(Xy), 

i 

where the multi-index i = {ii, . . . ,ip) runs through all strictly increasing elements 
in{l n}P. 

Let X be an n-dimensional polyhedron. Given a form a G npws(X) and a 
point X G X, we say that x is a smooth point of a if there exists some n-dimensional 
simplex Y in X, such that x G IntY and a|y G n(Y). The smooth locus of a, i.e. 
the set of all smooth points of a, is open and dense in X. Its complement, called 
the singular locus of a, is contained in a finite union of simplices of dimensions 
< n. Indeed, given any triangulation T that smooths a, the singular locus of a is 
contained in the {n — 1) -skeleton of T. 

Let / : X — > Y be either a piecewise linear map between polyhedra, or a 
piecewise smooth map from a polyhedron to a manifold. As above w^e can talk 
about the smooth locus of /, and whether f\z '■ Z -^ Y is smooth for some 
simplex Z c X. 

1.6. Sobolev Norm. It shall be very convenient to have a bound for piecewise 
smooth forms on polyhedra and some of their derivatives. 

Let X be a polyhedron, with orthonormal linear coordinate system s = 
(si,...,s„). Given a smooth function / G 0{X) and a multi-index 

i= {ii,...,i„) G {l,...,n}1, 
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we write 

dif--=s^feO{X). 

In the case q = 0, so the only sequence is the empty sequence 0, we write 80/ := 
/. We refer to the operators 3,- as the partial derivatives with respect to s. 

Definition 1.6.1. Let X be a polyhedron of dimension n, and let s be an orthonor- 
mal linear coordinate system on X. 

(1) Take a smooth differential form a e CiP{X). Consider the coefficients a,- of 



a with respect to s, as in Definition 1.3.2 Let 3y be the partial derivatives 
with respect to s. For a point x E X and a natural number q w^e define 

/ xl/2 

where the sum is on all ; G {!,..., n}'' and on all strictly increasing i G 
{l,...,n}P. 

(2) For a e CiP(X) we define 

Ikllsob := sup sup I|aI|sob;.M- 

(;=0,1,2 .tGX 

(3) Take a piecewise smooth differential form a E Op^sC^)- Let {Xjjj^j be 
some smoothing triangulation for a, and let a, := a|x G nP(X,). Define 

Ikllsob :=sup llayllsob . 

The number || — ||sob is called the Sobolev norm to order 2. 

Remark 1.6.2. Even for a smooth function /, our Sobolev norm ||/||sob is not the 
same as the usual order 2 Sobolev norm from functional analysis, namely ||/||s 
with s = 2. But it is in the "same spirit", and hence w^e use this name. 

Proposition 1.6.3. Let X be an n-dimensional polyhedron. 

(1) For a E ClP{X), x E X and q E'K, the number ||a||sob;x,o 's independent of the 
orthonormal linear coordinate system s on X. Hence the number ||a||sob 's ^'so 
coordinate independent. 

(2) Given a E npws(^)/ '^s Sobolev norm l|al|sob 's independent of the smoothing 
triangulation {X.j.gj. 

(3) Let Z be a sub-polyhedron of X and let a. E np„s(^)- Then ||a|z|lsob ^ Ikllsob- 

Proof. (1) Let us denote by V the vector space of constant vector fields on X. 
This is a rank n vector space, endowed with a canonical inner product. The set 
{^}i=l,...,n is an orthonormal basis for V . 

For p,q E^ let us denote by T''(y) and A''(^) the tensor power and exterior 
power of V , respectively. The vector space T'?(y)®/\''(y) has an induced inner 
product. 

For a strictly increasing sequence 

i= (fi,...,fp) E {l,...,n}P 
let us write 

Then the set {3,- ® tzj}, where the indices run over all ;' E {!,.. .,«}"? and all 
strictly increasing i G {1, . . . , n}P, is an orthonormal basis oi T^ (V) ^ /\P {V) . 
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Now y is the linear dual of njQj^gf(X), so ni can be viewed as a linear map 
nP(X) -^ 0{X). Given a e nP(X), its coefficients with respect to s satisfy 

^i = ^iC'^)- Thus 

3ya,- = {djoni){a.) 

inC(X). 

Suppose s' = (s^, . . . ,s'„) is another orthonormal linear coordinate system. Let 
us denote by d'-, oc'^ and ttJ the new operators and coefficient, namely those with 
respect to s'. The set {9'® /T^} is also an orthonormal basis of T''(y) (g) A^(^)- So 
this set and the set {3,- ® tt,} are related by a constant orthogonal matrix (of size 
n1 ■ (p). It follows that 

for any x G X. 

We see that ||a[|sob;x,q is independent of coordinates. The assertion for [|a[|sob 
is now clear. 

(2) The supremum on x can be restricted to a dense open set in each cell X, 
of the triangulation {Xj}j^j. Therefore we get the same value by replacing the 
triangulation {X,},gj with a refinement. 

(3) Given Z, choose an orthonormal linear coordinate system on it, and extend it 
to an orthonormal linear coordinate system on X. Now it is clear. D 

1.7. Orientation and Integration. An orientation on a manifold means a choice 
of a volume form, up to multiplication by a positive smooth function. However 
in the case of a polyhedron w^e can normalize the volume form: 

Definition 1.7.1. Let X be a polyhedron of dimension n. An orientation on X is a 
constant form or(X) e Cl"^^^^{X), such that 

or(X) = dsi A ■ ■ ■ hdsn 

for some orthonormal linear coordinate system (sj, . . . ,s„) on X. 

Note that if (s^, . ..,s',) is some other orthonormal linear coordinate system, 
then 

or(X) = ids'i A--- Ads'„. 

If the sign is + then (s'^, . . . , s'„) is said to be positively oriented. 

For the polyhedron I" there is a standard orientation, coming from its embed- 
ding in A". It is 

or(r) :=dfi A--- Adf„, 

where (fi,...,f„) is the standard coordinate system on A". Likewise for the 
polyhedron A": w^e let 

or(A") := dfi A--- Adf„, 

where {t^, . . . ,t„) is the barycentric coordinate system on A"+^. For n = 1,2 the 
orientations can be also described by arrows - see Figure l5] 

Definition 1.7.2. Let X be an n-dimensional oriented polyhedron and let a e 

n"(X). The coefficient of a is the function a e 0{X) such that a = a- or(X). 
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In other words, a is the coefficient of tx. with respect to any positively oriented 



orthonormal linear coordinate system, in the sense of Definition 1.3.2 

An orientation on X induces an orientation on the (n — 1) -dimensional polyhe- 
dra that make up the boundary dX (by contracting the orientation volume form 
of X with a constant outer gradient to the face; cf. [Wa. Section 4.8]). 

Let X be an n-dimensional oriented polyhedron. Suppose a = {«;},£/ G 
O" g(X;T), where T = {X,},£j is some linear triangulation of X. Any n-dimen- 
sional simplex X, inherits an orientation, and hence the integral J^ a, is w^ell- 
defined. We let 

a. 



E L'^i^^- 



This integration is compatible with subdivisions, and thus w^e have a well-defined 
function 



/, 



:n^^3(X)^]R. 

A 



Theorem 1.7.3 (Stokes Theorem). Let X be an oriented n-dimensional polyhedron, and 
let a e n'^^liX). Then 



L 



da = a 

X JdX 



Proof. Choose a linear triangulation T = {X,},£j of X that smooths a; so that 
a = {«;•};£/ with a.; G n"~^(X;). Then by definition of J^^ a, and by cancellation 
due to opposite orientations of inner (n — 1) -dimensional simplices, w^e get 

a = y^ / a,-, 
ax f-^ JdX, ' 

And the usual Stokes Theorem tells us that 

ocj = / da,- . 
dXj ' JXj ' 

D 

1.8. Piecewise Continuous Forms. For a polyhedron X, let us denote by 
C'cont(X) the set of continuous M-valued functions on X. This is a commutative 
R-algebra containing Cpws(X). 

Definition 1.8.1. Let p be a natural number. By piecewise continuous p-form on X 
we mean an element 7 G npwc(X), where w^e define 

^pwc(X) := Ccont(X') ®C)p„j,(X) ^pws(X^)- 

A piecewise continuous p-form 7 can be represented as follows: there are con- 
tinuous functions /i,. . .,/,„ e Ocont (X), and piecewise smooth forms «!,.. .,am G 
^pws(^)' such that 

m 

(1.8.2) 7 = E // ■ ^i- 

For p = we have n^wc(X) = Ocont(X) of course. But for p > these forms 
are much more complicated, as we shall see below. 

Warning: the exterior derivative d(7) is not defined for 7 E npwc(X); at least 
not as a piecewise continuous form (it is a distribution). The problem of course 
is that the functions /, above cannot be derived. 
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However, given 7 G npwc(X) and a piecewise linear map g : Y ^ X between 
polyhedra, the pullback 

g*(7)enP„,(y) 

is w^ell defined. In terms of the expansion | |1.8.2| , the formula is 

1=1 

Here g*(//) e CcontC^) and g*(a,) e n|5„s(Y). If g is a closed embedding then 
we write j\y '■= g* ( 7) as u sual. 

The presentation 
linear triangulation 



1.8.21 of 7 e n^wc(X) can be expanded further. Choose a 
ICjYje] of -^ that smooths all the piecewise smooth forms 
a.1, . . . ,(X„,. Also choose a linear coordinate system s = (sj, . . . , s„) on X. For any 
i E {1,. . .,m} and j E J let e/j t E Oj Xj) be the coefficients of the smooth form 
a,|x with respect to s, as in Definition 



1.3.2 



Then 



(1.8.3) 7|x^. = E E /' ■ ^w,fc ■ ds/ci A ■ ■ ■ A ds,,^, e n^„c(X;), 

/=i fc 

where as usual the multi-index k = {ki,. . . ,kp) runs through all strictly increas- 
ing elements in {1, . . . ,m}?'. 

For top degree forms one can say more. Let 7 E Ci"^{X). In this case the 
expansion ( 1.8. 3| can be simplified to 



(1.8.4) 



tIx) = E fi ■ ^V ■ dsi A ■ ■ ■ A ds„ e n^wc(X;)' 



! = 1 



withe,;y E OiXj). 

Now assume that the polyhedron X is oriented. We can choose the coordinate 
system s=(si,...,s„)so that it is orthonormal and positively oriented; and then 

or(X) = dsi A ■ ■ ■ Ads„. 

For any ; E /« we can integrate the continuous function J^'-L^ /, ■ e, , on the ori- 
ented n-dimensional simplex Xy, obtaining 



7:= 



E /( ■ Si,j ■ dsi A ■ ■ ■ A ds„ E M. 



; !=l 



Using this formula we define 

(1.8.5) 7|x 



/6/« •'^i 



7 eK. 



Proposition 1.8.6. For an n-dimensional oriented polyhedron X and a piecewise contin- 
uous form 7 E n" ^(X), the number J-^ 7 is independent of the presentation (1.8.4i of 
7- 

We leave out the easy proof. 

More generally, suppose X is an n-dimensional polyhedron (not necessarily 
oriented), Z is an oriented p-dimensional polyhedron, x : Z — > X is a piecewise 
linear map, and 7 E npvvc(^)- Then T*(7) E Cipy^c{Z), and we can use (1.8.5 1 to 
integrate 7 along t as follows: 

(1.8.7) /7:= /T*(7)eR. 
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2. Estimates for the Nonabelian Exponential Map 

2.1. The Exponential Map. We need some preliminary results on the exponential 
maps of Lie groups. Let G be a (finite dimensional) Lie group over R, with Lie 
algebra g = Lie(G). The exponential map 

expc : fl ^ G 

is an analytic map, satisfying expg(O) = 1 and exp(— a) = exp(a)~^. The ex- 
ponential map is a diffeomorphism near G g. Namely there is an open neigh- 
borhood Uo{q) of in 0, such that Vo(G) := exTpQ{Uo{g)) is open in G, and 
exTpQ : UqIq) — > Vq{G) is a diffeomorphism. Let log^^; : Vq{G) — )• Uq{q) be the 
inverse of exp^^^. We call such Vo(G) an open neighborhood ofl in G on which logQ 
is defined. See [Va, Sections 2.10] for details. 

The exponential map is functorial. Namely given a map ^ : G — ?■ H of Lie 
groups, the diagram 

Lie(G) J!^^ G 

Ue{<p) 

Lie(H) ^^^^^ H 

is commutative. 

When there is no danger of confusion we write exp and log instead of exp^ 
and logQ, respectively. 

The product in G is denoted by ■, and the Lie bracket in g is denoted by [—,—]• 
Given a finite sequence (gi, . . ■ ,gm) of elements in the group G, we write 

m 
(2.1.1) YlSr-=gl-g2---g,neG. 

1=1 

It is a basic fact that \i cci, . . . ,DCm G g are commuting elements, then 

m 

nexp(a;) =exp(^™^ a,' 
1=1 

The next theorem lists several estimates for the discrepancy when the elements 
do not necessarily commute. 

Theorem 2.1.2. Let G be a Lie group, with Lie algebra g. Let Vo(G) be an open neigh- 
borhood ofl in G on which log is well-defined, and let \\ — \\ be a euclidean norm on g. 
Then there are real constants eo(G) and cq{G) with the following properties: 

(i) < eo(G) < 1 and < co(G). 
(ii) Let Oil,... , dm eg be such that Y4L1 ||a,|| < eo(G). Then 



nexpK)eyo(G), 

! = 1 

Pog(n/liexp(^0) II < co(G) -X^l-lilk/ll 
and 

P°g(nti^'^p(^0) -E/li'^' II ^ '^o(G) ■ (E!=ili*'li)^- 

(iii) Let ai,a2 & Qbe such that \\cii\\ + ||a2|| < eo(G). Then 
||[ai,a2]|| < co(G) • ||ai|| • ||a2||. 
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II log(exp(ai) ■exp(a2)) - (ai +1x2 + \[oc\,oc2]) || 

<co(G)-l|ai||-||a2||-(|ki|| + ||a2||). 
and 

II log(exp(ai) ■ exp(a2) ■ exp(ai)^ ■ exp(a2)^ ) — [ai,a2] || 
< co(G) ■ ||ai|| ■ ||a2|| ■ (Ikill + 11^211)- 
(iv) Let 0.1,. .. , am, p>\,..., fim & Qbe such that 

m 

^(||«,-|| + ||/5,-||)<eo(G). 

! = 1 

Then 

II iog(nr=i ^M^i + ^i)) - i°g(nr=i ^M^i)) - e:1i z^,- ii 

<'^o(G)-(Er=i(ii'^>-ii+ 11/5,11)) -(E^iii/^.n)- 

and 

II log(n™ 1 ^M.^i + ^/)) - log(n|li exp(a/)) II 

<co(G).(ELll/5/|l). 

(v) Let cci,. . . , /5m be as in property (iv), and assume moreover that [a,-, a,] = for 
all i,]. Then 

II iog(nr=i exp(«, + ^r)) - LiM + ^d II 

<co(G).(Er=i(ik-ii+ii/5/ii))-(E;=iii/5,ii). 

The theorem is proved at the end of Subsection |2. 5} after some preparations. 
The constants Co(G) and eo(G) are called a commutativity constant and a conver- 
gence radius for G respectively. (If G is abelian one can take cq{G) = 0.) 

2.2. The CBH Theorem. There is an element F{x,y) in the completed free Lie 
algebra over Q in the variables x,y, called the Hausdorff series. See |Bo, Sections 
II. 6 and II. 7], where the letter H is used instead of F. For any i,j > let us denote 
by Fj;{x,y) the homogeneous component of F{x,y) of degree i in x and degree j 
iny. So 

Fi^^y) = E ^hii^'V) 

i,j>0 

Now consider a Lie group G as before, with Lie algebra g. Choose a euclidean 
norm || — 1| on the vector space g. Given elements a, /5 e g we can evaluate f, j (x, y) 
on them, obtaining an element Fii{(x.,fi) e g. 

The Campbell-Baker-Hausdorjf Theorem says that there is an open neighborhood 
U\ of in g (its size depending on the norm) such that the series F{a, fi) converges 
absolutely and uniformly for a, /5 G Lfi, and moreover 

(2.2.1) exp(F(a,^)) = exp(a) ■ exp(^). 

This assertion is not explicit in the book BBol ; it requires combining various 
scattered results in Sections II. 7 and III.4 of BBol . An explicit statement of the 
CBH Theorem is [Va, Theorem 2.15.4]. However the treatment of the structure of 
the Hausdorff series is not sufficiently detailed in [VaJ . 

For a positive number r we denote by U-{r) the open ball of radius r and center 
in g, and by U{r) its closure (the closed ball). 
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Lemma 2.2.2. There are constants ei and ci, such that < ei, U{ei) c Lfi, < cj, 
and for every oi,fi& U{6-[) the inequality 

II F(a,/3) - (a + /5 + l[x,y]) II < ci ■ M ■ II/5II ■ (M + ||/5||) 

holds. 

Proof. Let us denote by /, , the norm of the bi-homogeneous function 

hj : X ^ 0. 

Namely 

/,-,^.:=sup{||F,-^.(«,/5)||| ||a|M|/3|| < 1}. 

So for any a, /3 G g one has 

In IIBol Section n.7.2] it is shown that there is a positive number ei, such that the 
series E;,/>o/!,;^i ' converges (to a finite sum). By shrinking ei if necessary, we 
may assume that Lr(ei) C fii- 

Now in liBot Section n.6.4] it is proved that 

h,o{x,y) = X, Fo^i{x,y) = y, Fi^i{x,y) = l[x,y] 

and 

fi-o(^/y) = Fo,jix,y) = for i,j 7^ L 
Thus for a.,fi e /i(ei) we have 

F(a,/5)-(a + /5+i[x,y])= ^ F,^-(a,/3), 

where 

I :={(;,;) |f,7>landf+7>3}. 
Now if (f,y) e I and < a,b < ei, then 

fl'f;^' < fl&(fl + b) ■ 4+^'"^ 
Therefore for a, j6 e !J(ei), with a := ||a|| and b := ||j6||, we have the estimate 

II E hM'f^)\\< E \\hM'i^)\\ 

< E Ay ■ «' ■ ^'' < «K« + ^') ■ ^r' ■ E hj ■ <''' ■ 

Taking the number 

'^1 — er^ ■ E /',/ ■ ^\^' 

does the trick. D 
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2.3. Calculations with a Few Elements. We continue with the chosen open set 
Vo(G) C G and norm || — 1| on the Lie algebra q. In this subsection we translate 
the estimate for the CBH series to estimates on exp and log. Recall our notation: 
U{r) is the open ball of positive radius r in g, and U{r) is the closed ball. 

Lemma 2.3.1. There exist constants £2, C2 e IR such that 

< £2 < 1 and 1 < C2, 

and such the following formulas hold for every a,fi& U{e2)- 
(2.3.2) exp(a)-exp(^)eyo(G), 

(2-3.3) II [a, ^] II <C2-l|al|-l|^||, 

and 

||log(expW-exp(/5))-(« + /3+i[a,/5])|| 

<C2-|k||-||/5||-(|k|| + ||/3||). 



Proof. The existence of a positive £2 making formula | 2.3.2| true is easy (due to 
continuity). We can assume £2 < min(l,ei). 



The existence of a number C2 making inequality 1 2.3.3 1 valid is also easy, be- 
cause the function || [a, /3] || is bilinear and g is finite dimensional. We can assume 
that C2 > max(l, ci). 



Finally, the validity of formula |2.3.4| comes from Lemma 2.2.2 and the CBH 



formula | |ZZT) . D 

Lemma 2.3.5. There is a real number C3 such that C3 > C2, and for any aj, ^2, /5i, ^2 ^ Q 
satisfying ||a,H + ||/5,H < £2 the inequality 

(2 3 6) " log(exp(ai + ^1) ■ exp(a2 + ^2)) - log(exp(ai) ■ exp(a2)) || 

<C3 -(11/5111 + 11^211). 

holds. 

Proof. Given a G !i(e2) we have a smooth (in fact analytic) function /„. : U{£2) -^ 
g defined by 

/,(/5):=log(exp(«)-exp(/5)). 

Let g* be the dual space of g, and let d^fa G g* be the derivative of /„ at /5. Then 
Taylor expansion of /« around /5 gives us 

(2.3.7) /«(/5 + 7) = /.(/5) + (dp/.)(7) + (Rf /«)(7) 

for any 7 e !i(e2)- Here Rw fa is just the remainder, in other words the higher 
order part of the Taylor expansion. The linear term {da,fa){j) can be estimated 
by 

||(d^/.)(7)ll<«i-|l7ll 
for a suitable positive number fli. The remainder (Rg /«) (7) can be estimated by 

||(Rf/«)(7)ll<«2-||7ll' 

for some positive number fl2- 

These inequalities tell us that if a, /5, 7 e U{£2) then 

II log(exp(a) ■ exp(/5 + 7)) - log(exp(a) ■ exp(/3)) || 

(2.3.8) =||log(/.(/5 + 7))-log(/„(/5))|| 

< fli ■ II7II +fl2 ■ ||7ll^ < («! +^2) ■ ||7ll- 
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In a similar way we look at the function gfi(a) := faili), and w^e obtain con- 
stants bi, b2 such that 

(2.3.9) II log(exp(a + 7) ■ exp(^)) - log(exp(a) ■ exp(^)) || < {bi + ^73) • Hill- 

Therefore by taking 

C3 := max{c2,fli +fli,t'i +^2} 

all conditions are satisfied. D 

Lemma 2.3.10. There exists a constant C4 > C3 such that the following inequalities hold 
for any a,/3 e g satisfying \\a\\, ||/5|| < €2- 

II log(exp(«) ■ exp(/5)) - (a + /3) || < C4 • ||a|| • ||/5|| 

and 

II log(exp(«) ■ exp(/3)) || < ||a|| + ||/5|| + C4 ■ ||a|| • ||/3|| . 

Proof. From Lemma |2.3.1| and the triangle inequality w^e get 

II log(exp(a) ■ exp(^)) - (a + ^) || 

<C2-||a||-||/5||-(|k|| + ||/3||) + lc2 -Hall -11/511 
<3c2-|k||-||/5||. 

This proves the first inequality with C4 := max(c3, 3c2). The second inequality is 
an immediate consequence. D 

2.4. Calculations with Many Elements. Let us define 

(2.4.1) 64:= ^c^^-e2. 

Lemma 2.4.2. Let ol^,. . . ,am G Qbe such that Y4L1 Ik; II < ^4- Then the relation and 
inequalities below hold: 

m 

(2.4.3) n ^M^^) e ^o(G), 

m 

(2.4.4) ||log(n"liexpK-))||<iEll'^'ll 
and 

{2A.5) II iog(nr=i ^M^')) - l:u -^ ii < ^^4 ■ (Er=i ii«. id' ■ 

Proof Recall that £2^1 and C4 > 1. 

For OT = 1 all is clear. Take m = 2. Then since ||a;/|| < £2 we have 

exp(ai) .exp(a2) e Vo{G) 



by Lemma 2.3.1 Next, since ||ai || < gC^ ^, it follows that 

C4- Ikill • Ik2ll < IhiW- 

From this and Lemma 12.3.101 we see that 

II exp(ai) . exp(a2) || < ||ai|| + ||a2|| + C4 . [|ai|| . ||a2|| < f ■ (Ikill + Ik2||) . 
Hence ( |2.4.4| holds for m = 2. Again using Lemma 2.3.10 w^e have 

||log(exp(ai) .exp(a2)) - (ai + ^2) || < C4 . ||ai|| . ||a2|| < C4 . (||ai|| + ||fl:2||)^. 
This finishes the case m = 2. 
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Now assume the assertions are true for ni > 2, and consider ai, . . ., a„,+i G q 
such that EjlV ll'^ill < ^4- Define 



^:=log(n"liexp(a,)). 



so that 



m+l 



n exp(a;) = exp(,6) • exp(a„+i). 



i=l 



By the induction h3^othesis, i.e. inequality | 2.4.4| for m, we have 

m m+l 

(2.4.6) 11/511 <|^l|a,l|< I ^ I|a,l|<3.i,-i.^2 = |c4~'-e2. 

! = 1 1 = 1 



This implies l|j6l| < £2. Since we also have l|am+ill < ^2/ Lemma 2.3.1 says that 

exp(,6) ■ exp(a,„+i) e Vo{G). 

This verifies 1 2.4.3) for m + l. 

Using Lemma [2.3.1 [ again we see that 

||log(exp(^) ■exp(a,„+i)) || < l|,6l| + l|a„,+il| +04- 1|^1| ■ l|a,„+il|. 

Because we also have the inequality c^ ■ \\ji\\ < j, we conclude that 

m+l 

lli3l| + l|am+il| +C4- 11,611 ■ l|a,„+il| < |- 1|^1| + |- \\oc,„+i\\ < f- ^ \\oci\\ ■ 

1=1 



Thus inequality 1 2.4.4 1 holds for m + l. 
According to Lemma [2.3.10 w^e have 

||log(exp(,6) ■exp(a„+i)) - (^ + a„+i) || < C4 • 1|^1| • l|am+il|. 

The induction assumption for inequality ( 2.4.5[ l says that 

II o S^^ II ^ /^^™ II II \ 2 

U-Li=i''i\\ <'^4-(E/=ill«'ll) ■ 

Combining these with the inequality 1 2.4.6) we obtain 

II log(exp(^) ■ exp(a,„+i)) - ^^^^ a,- 1| 

< II log(exp(/3) ■ exp(am+i)) - (^ + am+i) || + || (^3 + a^+i) - J27=i *' 

<C4- ll^ll- l|am+lll+C4- (El'llll'^'ll)^ 

^ ^i- ((lEl'li ll^'ll) ■ ll'^^+ill + (E"li ll«/ll)^) 

This proves | |2.4.5| . 

Lemma 2.4.7. Let oi\,..., Km, /3i, . . . , j6m & Qbe such that 

m 
E (lk,ll + 11/5,11) < £4. 



! = 1 



Then 



<44-(E;:iikii)-(Er=iii/^/ii) 



n 
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and 

<2c2.^™^||«,||.||/5,-||. 
Proof. For the first inequality we note that for any i, j one has 
II log(exp(^^) ■ exp(ai)) - log(exp(a;) ■ exp(^^)) || 

<2C2-|k,||- 11/5^-11 ■(||a,|| + ||/5y||)+C2-||«,||-||/3^'| 

<2c2-|k,|| -11/3^11. 



This is due to Lemma 2.3.1 Now for our inequality w^e have to move all the 
exp(/5;) in the product across all the exp(a,). According Lemma 



2.3.5 



the "cost" 



of each such move is at most Ic^ ■ 2c2 ■ ||a/|| • ||/5;||. So the total "cost" is at most 

^.^^ 2C3 . 2C2 . \M . 11/5,11 = 4C2C3 . (Eti lk.ll) ■ (Eji my 
Since c^ > C2, C3 this proves the first inequality. 



For the second inequality we note that, due to Lemma 2.3.10 we have 

||log(exp(a; + ^,-)) -log(exp(a;) ■exp(^;)) || < C4 ■ ||a;|| ■ ||^/||. 



Since we have to make such a change for every /, according to Lemma 2.3.5 the 
total "cost" is at most 2C3C4 ■ J^'-Li H'^ill ■ Wf^iW- D 

Lemma 2.4.8. There exists a constant C5 such that C5 > max(c4, j), and for every 
Oil,..., Km, ^i,...,^m e Q Satisfying 

m 

E (l|a,-l| + 11/5,11) < £4 



! = 1 



one has: 
(2.4.9) 
and 
(2.4.10) 



<c5-(Er=i(ikdi+ 11/3,11)) -(E'lii/^^ii) 



(2.4.11) 



II log(n™ 1 exp('^' + ^')) - log(n!li exp(a/)) II 

<'^5-(E™ill/s^-ll)- 

If moreover [a,-, a,] = 0/or all i,], then 

II iog(nr=i ^M.^' + ^')) - e;=i (^^^ + /^o ii 
<c5.(Er:i(ikdi+ii/3,-ii))-(E:iiii/5.ii). 

Proof. According to Lemma |2.4l7] w^e have 

II iog(n;=i e>^p(«. + p>i)) - iog((n;=i ^M^i)) ■ (n;ii ^Mm 

(2.4.12) m 

<2ci-Y,\w,\\-m\. 

;=1 



By Lemma 2.4.2 we know that 
(2.4.13) 



iog(mi exp(/5,)) - E" 1 /3, II < C4 ■ (Er^i mr 
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Combining Lemmas |2.3.10| and 2.4.2| we get 

iiiog((n;=iexpK))-(nr=i^>^p(/5>)). 

- (log(n"liexp(«,)) +log(nLexp(/5,) 

^'■^■'^^ < ^4 ■ II iog(n:ii exp(«o) II ■ II iog(nr-i -Mf^o) \ 

Putting all these together we obtain the inequality 

II log(n!=i ^'^P(^' + ^')) " l°g(n!=i exp(a,)) - Y17=1 ^i 

<2ci-(elii.,ii)-(e:':iIi/5.ii) 



(2.4.15) 



9^2 



<6ci. (e::i(ii«,ii + 11/5,11)) -(Eiiiii/^-ii)- 

This proves inequality |2.4.9l with C5 := 7c^. 

Inequality | 2.4.10[ follows easily from 1 2.4.15 1, once we notice that 

When [dj, OLj] — for all i,j we have 

So inequality | |2.4.10| holds. 
2.5. Final Touches. 



D 



(2.5.2) 



Lemma 2.5.1. There is a real number cg such that cg > C5, and for any a,fi & q with 
||ft;||, ||j6|| < £/^the inequality 

II log(exp(a) ■ exp(^) ■ exp(a)"^ ■ exp(,6)"^) - [oc,^] \\ 

<ce-M-m\-{M + m\)- 

holds. 

Proof. Let's write 

a := exp(a), h := exp(/5). 



7+ :=a + ,6+i[a,^], 7^ := -a 
6^ := log(fl ■ b) — 7+, 6^ := log(fl 



')-7- 



According to Lemma 2.3.1 w^e have 

||^+IMI^-||<C2-|k||-||/5||-(|k|| + ||/5||) 
and 

IIt+II, IIt^II < Ikll + II/5II + lc2 ■ Ikll ■ II/3II < (1 +C2)(||a|| + II/5II) 

Now 

a -b = exp(7+ + S^) 

and 

a~^ ■ b~^ = exp(7~ + S~). 
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So by Lemma 2.3.5 we have 

II log((fl ■ b) ■ (fl-^ ■ b-^)) - log(exp(7+) ■ exp(7")) || 

<C3-{\\S+\\ + \\5-\\) 

<2c2C3-||a||-||/5||-(||«|| + ||/5||). 

On the other hand, since a + /5 and —oc — fi commute, by formula | 2.4.11| in 
Lemma |2.4.8| we have 

II log(exp(7+) ■ exp(7~)) - [a,^] || 

= II log(exp((a + /5) + i[a,/5]) ■ exp((-a - /3) + i[a,/5])) 

-((a + /5) + l[a,/5] + (-a-/5) + l[a,/5]) || 
<C5-(2.||«||+2.||/5|| + ||[a,/5]||).(||[«,/3]||) 
<C5-(2 + C2-e4)-C2-|k||-||/5||-(|k|| + ||/5||). 
In the last inequality we used 

|lk/5]||<C2-|k||-||/5||<C2-e4-||/5||. 



Therefore 12.5.2 1 holds with 

C(, ■- 2C2C3 + C5 ■ (2 + 0264) ■ C2 . 



D 



Proof of Theorem 2.1.2 Take cq{G) := cg and £o{G) := £4. Since £4 < ^2 arid 

C6 > C5 > max(c4, 2) > C4 > C3 > C2, 

the assertions of the theorem are contained on Lemmas |2.3.1| |2.4.2| |2.4.8| and 
1231] D 
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3. Multiplicative Integration in Dimension 1 

Nonabelian multiplicative integration in dimension 1 is classical, dating back 
to work of Volterra (cf . IIDFI ). In modern differential geometry it is usually viewed 
as the holonomy of a connection along a path. We prefer to do everything from 
scratch, for several reasons: this allows us to introduce notation; it serves as 
a warm-up for the much more difficult 2-dimensional integration; and also to 
cover the case of piecewise smooth differential forms. 

3.1. Binary Tessellations. Recall that I^ is the unit segment in A^ = A^(]R), 
which we view as an oriented polyhedron (cf. SectionlTJ. The vertices (endpoints) 
of I^ are cq = arid vi = 1, and the coordinate function is fi. 

Let X be a polyhedron. Consider a linear map u : I^ — > X. The length of the 
line segment Z := cr{i^) c X (possibly zero) is denoted by len((7). If u is not 
constant then it is a conformal map, and the scaling factor is precisely len((j). In 
this case u determines an orientation on the 1-dimensional polyhedron Z. We 
may choose an orthonormal linear coordinate function fi on Z, such that dfi is 
the orientation of Z. Then cr*{dfi) = len(cr) ■ dfi. 

Next consider a piecewise linear map a : I^ ^- X. By definition (cf. Subsection 



1.5 1 there is a linear triangulation {Y,} ,g| of I^ such that c^Iy : Y, — > X is a linear 



map for every j E }■ We define 

It is convenient to have a composition operation for piecewise linear maps. 
Suppose (J : I^ — > X and p : I^ — > I^ are piecewise linear maps. Then the 
set-theoretical composition a o p is also a piecewise linear map I^ -^ X. Given 
finite sequences c = {o'i)i=i,...,m arid p = {pj)j=i^...^n of piecewise linear maps 
cr, : I^ — )• X and pj : I^ ^ I^, we define the sequence of piecewise linear maps 

crop — {0-iOPj){i,j)e{l,...,m}x{l,...,n} 

in lexicographical order, i.e. 

(3.1.1) crop = {Hiopi, (Tiop2, ■■ ■ ,CT20pi, (T2 0p2, ■ ■ ■ , Cfm o p„) . 

Definition 3.1.2. For any A: > 0, the k-th binary tessellation of I^ is the sequence 

of linear maps in cr^ : I^ ^- I^ defined recursively as follows. 

• For k = Q we define a^ to be the identity map of I^. 

• For k = \ we take the linear maps cr\, u^ defined on vertices by 

o\{vQ,Vi) := {vq,\), 

• For A: > 1 w^e define 

tes'^+^li := (tesili)o(tes'^li), 
using the convention |3.1.1|. 



We call cr^ the basic map. 

See Figure p] for an illustration of tes^ I^. 
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c^i , '^L <^ 



^0 = I \ \ ^1 = 1 



Figure 6. The 2-nd binary tessellation of I . The arrowheads 
indicate the orientations of the linear maps aj : I — )• I . 

3.2. Riemann Products. Let g be a finite dimensional Lie algebra over ]R. For 
any n-dimensional polyhedron X we then have the DG Lie algebra of piecewise 
smooth g-valued differential forms 

n 

npws(x) ® = n^ws(x) ® 

p=0 
(Subsection L5 l The operations are as follows: for a; e Op^sC^) arid 7, e q one 



has 

d(ai®7i) =d(ai)(»7i e njj^t^^) ® 
and 

[ai ® 71/ ^2 ® 72] = (ai A ^2) [71/72] e n|J^t'''(X) <» 0- 
By definition, any particular piecewise smooth differential form tx. belongs to 
^pws(X;T) ® 0, for some linear triangulation T of X. This construction is func- 
torial in the following sense. Suppose / : X ^^ Y is a piecewise linear map of 
polyhedra, and <p : q ^ \)is map of Lie algebras. Then there is a homomorphism 
of DG Lie algebras 

f*®<p: npws(y) ® ^ np„s(x) ® t). 

In case f) = and (p is the identity map, we shall often write /* instead of /* ® (p. 
From now on in this section w^e consider a Lie group G, with Lie algebra 0, 
and a polyhedron X. We fix some euclidean norm || — 1| on the vector space 0. As 
in Section [l| w^e also fix an open neighborhood VqCG) of 1 in G on which log^ is 
defined, a convergence radius eo(G), and a commutativity constant cq{G). The 
choices of Vq{G), eo(G) and cq{G) are auxiliary only; they are needed for the 
proofs, but do not effect the results. 

Definition 3.2.1. Let a e ^p^yg (I^ ) ® 0. The basic Riemann product of ex. on I^ is the 
element 

RPo(a|I^) e G 
defined as follows. Let zw := j, namely the midpoint of I^. 

• Suppose w; is a smooth point of a. Then there is some 1 -dimensional 
simplex Y in I^, such that w ^IrviY and ajy is smooth. Let a. e 0{Y) ® q 



be the coefficient of a|y, as in Definition L7.2 namely 

a|y = a ■ dti. 

We define 

RPo(a|li):=expc(ftH). 
• If If is a singular point of a, then we let RPo(a 1 1^) := 1. 

Observe that the element a.{w) G in the definition above is independent of 
the simplex Y. 
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Definition 3.2.2. Let a e np^s(X) gD g, and let (t : I^ — >• X be a piecewise linear 
map. Then (T*{a) S np^yg(I^) g, and we define the basic Riemann product of oc 
along a to be 

RPo(ak) :=RPo(t7*(a)|li) e G. 

Note that if cr is a constant map then a* {a) = 0, so RPo(a | tr) = 1. 

Definition 3.2.3. Let a e Cl]p^^{X) ® g, and let cr : I^ ^- X be a piecewise linear 
map. For A: > we define the k-th refined Riemann product of a along a to be 



2' 



RP^(a I (7) := n RPo(a k o <) e G, 



using the A:-th binary tessellation tes I^ = [cr^, . . . , tA) and the convention 12.1.1 1 



3.3. Convergence of Riemann Products. As before we are given a form a. G 
np^g(X) g. Recall l|a[|got, the Sobolev norm to order 2 of a, from Subsection 



Lemma 3.3.1. There are constants ci(a) and ei(a) with the following properties. 
(i) These inequalities hold: 

<ei(a) < 1, 

ci(a) >1, 

ei(a) ■ci{oi) < \ -CQiG) . 

(ii) For any piecewise linear map a -.V- ^ X such that len(cr) < e\{(x.), and for any 
sufficiently large k, one has 

RPt(ak)eyo(G) 

and 

||logG(RPt(ak))|| <ci(a)-len(c7). 
(iii) Moreover, if the map a in (ii) is linear, then the assertions there hold for any 
k>0. 

Proof. We are given a piecewise linear map a : l^ ^- X. Let us write e := len(cr). 
Excluding the trivial case, w^e may assume that e > 0. 

Take A: > 0. For any index i E {1,. . .,2*^} let W; := af{I^) and Wi := crf(i); 
so Wj is the midpoint of the segment (1-dimensional polyhedron) W,. Define 
e,- := len(cro a^), Z; := cr{Wj) and Z; := cr{wi). Note that J^jCj = e. 

We will say that an index i is good if the map c^lpv is linear and injective. In 
this case Z, is a segment of length £( and midpoint z,. Otherwise we will call 
/ a bad index. The sets of good and bad indices are denoted by good(A:) and 
bad (A:) respectively. Let m be the number of singular points of the map cr. Then 
|bad(fc)| < m. In particular, if cr is linear then bad(A) = 0. 

Let 

a' := a* {a) e nl„^{l^) ® g. 

For an index i we define an element A; G g as follows. If iVj is a smooth point of 
a', then let a'- be the coefficient of a' near if,, and let 

Otherwise we let A, := 0. In any case we have 

expc(A,-) = RPoK I af) = RPo(a Icroaf). 
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Therefore 

(3.3.2) nexpG(A,)=RP^(«k)- 

(=1 

Furthermore, if i is a good index and Wi is a smooth point of a', then z; is a 
smooth point a|z / and then 

(3.3.3) A; = e, ■ a.i{zi), 

where a, is the coefficient of a|z near z/. 

Now here are the estimates. For any index i we have 

l|A,||<(i)'^-|k'|lsob. 
If i is a good index then by 1 3.3.3| w^e have 

W^iW <£/• tkllsob- 
Hence 

EIIA,||= E m+ E IIA,II 

(3.3.4) i=\ legood(it) /ebad(yt) 

< '^^ l|a||sob + ?«- (s)''- Ik'llsob- 



Let 
and 



ei(a):=i-(l + ||a||sob)"^-eo(G) 



ci(a) :=2-(l + co(G)-||a||sob)- 
Choose fco large enough so that 

m ■ {\f' ■ Ik'llsob < min(i • e^{G), i ■ ci(a) ■ e ■ (1 + c^{G))-^) . 
If (7 is linear then m = 0, and we may take ko := 0. 



Now suppose that e < ei(a) and k > Rq. According to inequality 1 3.3.4 1 we 
have 

2k 

El|Adl<eo(G). 
1=1 

Therefore by property (ii) of Theorem 2.1.2 and by formula | 3.3.2| w^e get 

KPk{cc\a)eVo{G) 
and 



logc(RP,(a I a)) II < co(G) ■ (Eti IIA/II) < c^{a) ■ e . 



D 



Remark 3.3.5. Heuristically we think of e in the proof of the lemma above as a 
"tiny" size. In the "tiny scale" w^e can measure things (i.e. ||log(^(g)|| is defined), 
and we can use Taylor series and CBH series. 

Lemma 3.3.6. There are constants C2(a) and e2{cc) with the following properties. 
(i) These inequalities hold: 

0<e2(a) < ei(a), 
ci{a.) > ci(a). 
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(ii) Suppose a : l^ ^- X is a linear map such that len(cr) < e2{oc), and ^[^^(ii) 's 
smooth. Then for any k >0 one has 

||logG(RPfc(a|c7)) -logG(RPo(ak)) || < C2{a) ■ len{af . 

Proof. 
Take 

e2(a) := min(ei(a), |eo(G) ■ (1 + j|aI|sob)"^) • 

Let c^be a linear map with e := len(A;) satisfying < e < £2(0;). Let Z := cr(I^), 
which is a 1 -dimensional oriented polyhedron, and z := (^(j), the midpoint of 
Z. Choose a positively oriented orthonormal linear coordinate function Si on Z, 
such that Si(z) = 0. 

Let a E 0{Z) (g) g be the coefficient of a|z, i.e. oc\z = ct- dfi. Consider the Taylor 
expansion to second order of the smooth function a : Z ^>- g, around the point z: 

(3.3.7) S(x) = flo +si(x) ■ fli +si(x)^ ■ g{x) 

for X e Z, where aq := ^(z) e 0, «! := (gf-5;)(z) £ g, and ^ : Z ^> g is a 
continuous function. We know that 

ll«o||, \\ai\\, \\g{x)\\ < Ikllsob- 
And, as we have seen before, 

(3.3.8) RPo(ak) = expc(eflo)- 

Take A: > 0. For / S {1, . . . ,2^} let c^; := c^ o af and z; := ^'/(j). Since e < £2{^) 
it follows that 

(3.3.9) £ ||(i)'^e ■ floll < e ■ Ikllsob < bo{G) . 
Because |si(z,)| < ^e we also have 

(3.3.10) Y. 11(2)'^ ■ si(^0 ■ «ill ^ V ■ Ikllsob < i^o(G) 
1=1 

and 

(3.3.11) ^||(l)'^e-si(z02-^(z,)l| < he^ ■ Msoh < bo{G) . 

! = 1 



Define 



A, := (i)'^e-a(zO eg. 



.2 

By the Taylor expansion ( 3.3. 7| we have 

(3.3.12) A, = ilfe ■ ao + (i)'^e ■ si(z,) ■ a^ + Hfe ■ si(z;)' ■ g(z,). 
Since (7* (ds^) = e ■ dfi, we see that 

RPo(a|(7,) =expg(A,), 

and hence 

2* 

(3.3.13) RPfc(a|^)=nexpG(AO. 

! = 1 
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Because the constant terms in the Taylor expansions ||3.3.12t of the A, are all 
equal to {^)'^e ■ ao, we can use property (v) of Theorem 2.1.2 together with the 
estimates ^33\ , l |3.3.10| , l |3.3.11| l, to deduce 

II logG(nLi expG(A,)) - ELi ^i II 
(3.3.14) < ,^(G) . (e . ||<,||g^, . (1 + le + y)) . {e ■ ll^llsob • ih + le^)) 

<e3-co(G)-||a|li„b-2. 
Trivially the sum of the constant terms of the Taylor expansions of the A, is 

1=1 
The linear terms satisfy 

Sl{Zi) = -Si{Z2k_i) 

because of symmetry; and therefore they cancel out: 

E(i)'^e.si(z,)-ai=0. 

(=1 

Therefore, using the estimate ( 3.3.11) to eliminate the quadratic terms of the Tay- 
lor expansions, we conclude that 

(3-3.15) II E;=i A/ - e«o II < y^ ■ llallsob- 

Finally w^e define 

C2(a) := max(ci(a), 2co(G) ■ ||a|||„^, + | ■ \\oi\\sob) ■ 

Combining equations l |3.3.8| and | 3.3.13| , plus the estimates l |3.3.15| and 1 3.3.14 1, 
we obtain 

II logc(RPo(a I c7))-logG(RP,c(a I ^)) || < cii^) ■ e^ ■ 

U 



Definition 3.3.16. Let us fix a constant £2 (a) as in Lemma 3.3.6 A piecewise 
linear map a :\^ ^ X with len(cr) < e2{(x.) will be called an a-tiny piecewise linear 
map (in this section). 

Remark 3.3.17. We shall use the term "tiny" several times in the paper, each 
time with a new meaning, depending on context. The notion "tiny" should be 
considered as "local to each section". 

Lemma 3.3.18. Let a : \^ ^f- X he an a-tiny linear map. Then there is a constant 
C3(a, (7) > 0, such that for any integers k' > k >0 one has 

||logG(RP,t'(ak))-logG(RP)c('^k)) II < C3(a,£r) •len((7) • (1)^ 

Proof. We may assume that len((j) > 0. Let Z := cr(I^) c X, and let m be the 
number of singular points of the differential form a | z . 

Take A: > 0. For an index i E {1,. . ■ ,2^} define cr,- := cro erf and Z/ := cr/(I^). 
We say that i is good if ajz is smooth, and otherwise i is bad. The set of good 
and bad indices are denoted by good(A:) and bad (A:) respectively. Since for any 
singular point x of a|z there is at most one index i such that x e IntZ/, it follows 
that the cardinality of bad (A:) is at most m. 
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Next take k' > k > 0, and let / := k' — k. By the recursive definition of the 
binary tessellations we have 



and 



RPfc(a|c7)=nRPo(akO 

i=l 



RF^,{ci\a)=YlRFi{a\cr,). 
(=1 



If i G good (A:) then by Lemma 3.3.6 we know that 

II logG(RP/(a I cTi)) - logc(RPo(a I ^)0 || < C2(«) ■ lenicrf ■ {^^K 



On the other hand, i E bad(A:), then by Lemma 3.3.1 we know that 

II logG(RP;(a I cr,)) - logG(RPo(a | a);) || < 2 ■ Ci(a) ■ len(cr) ■ (l)\ 
Therefore by property (iv) of Theorem 2X2] we have 
II logG (RP,,, {a I a)) - logG (RP,t(a k)) || 

= II logG (nil ^li" I ^i)) - logG (RPo(« I cr,)) II 
<co(G)-(|bad(/c)|-2-ci(a)-len(c7).(i)'^ 



l\3k\ 



Thus w^e may take 



+ |good(/c)|-C2(a)-len(t7)^.(i) 



C3{a,cr) := co(G) ■ (2m ■ ci(a) +C2(a)) . 



D 



Theorem 3.3.19. Let Xbea polyhedron, let a e np^yg(X) g, and let a :I^ ^ Xbea 
piecewise linear map. Then the limit lim^-^oo RPi:(« I c^) exists. 

Proof. For any k we have 

RPfc(a k) = n RPo(a ko ^f) = n RPo(ko ^f)*(«) 1 1^) 

! = 1 ( = 1 

= n RPo(^*(«) kf) = RP)t(^* W k?) 

1=1 

by definition. So after replacing a with cr*[a), we can assume that X = I^, and 
we have to prove that the limit limjt_^oo RPfc('^ I "^i ) exists. 

Take k large enough such that for each i G {1, . . .,2 } the linear map a^ is 
a-tiny For any A:' > w^e have 

RP)c+)c'(«ki)=nRP'c'(«kf)- 

1=1 

Thus it suffices to prove that for any i the limit \m\^.i^^ RPj./ (a | a^) exists. 

We have now reduced our problem to showing that for any a-tiny linear map 
(J : I^ — 7> X the limit limj;_>oo RPj:(* | cr) exists. But this follows immediately from 
Lemma 133181 D 
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Definition 3.3.20. In the situation of Theorem 3.3.19 the multiplicative integral of 
a on a is 

MI(a I a) ■- lim RPjt(a | tr) e G. 

If X = I^ and a = a^, the basic map, then we write MI(a 1 1^) := MI(a | c/^). 

Remark 3.3.21. If the group G is abelian, then RP^^ (a | a) is the exponential of a 
Riemann sum, and therefore in the limit we get 

MI(a I (j) = exp(j ( / ^) • 

Proposition 3.3.22. Let a : l^ ^- X be a piecewise linear map. 

(1) If a is OL-tiny {see Definition \3. 3. 16 ', then MI(a | a) E Vq{G), and 

II logg (MI(a I u)) II < ci (a) ■ len((7) . 

(2) Ifcr is linear and tx-tiny, and if oi\^/ii^ is smooth, then for any k >0 one has 

II logc(MI(a I cr)) - logc(RPo(a | a)) \\ < C2{a) ■ len(t7)3 . 

(3) For any k>0 one has 

2k 

Ml{a\cr) =P3MI(a|t7 0(7f). 

;=1 



Proof (1) By Lemma 3.3.1 for sufficiently large k we have RP)c(a | (t) E Vq{G) and 

II logG(RP/c(a I (7)) II < ci(a) ■ len((7) < 1 • eo{G) . 

Let B be the closed ball of radius jeQ{G) in g, and let Z := expg(B), which is 
a compact subset of G. Since for every k one has RPj:(ft; | c^) G Z, it follows that 
in the limit MI(a \cr) E Z c Vo{G). The bound on || log(j(MI(a | u)) || is then 
obvious. 



(2) This is immediate from Lemma 3.3.6 



(3) For every A:' > w^e have by definition 

Now pass to the limit k' ^- oo. D 

3.4. Functoriality of the MI. The next results are on the functoriality of the mul- 
tiplicative integral with respect to G and X. 

Proposition 3.4.1. Let <i> : G ^ H be a map of Lie groups, with induced Lie algebra 
map (p := Lie(O) : g ^- f). Let f -.Y ^- X be a piecewise linear map between polyhedra, 
and let a E D.py^^{X) ® g. Then for any piecewise linear map cr : l^ ^- Y one has 

<I>(MI(a|/o(7)) =Ul{{f*(E)cp){a)\a) 

inH. 

Proof. It suffices to consider / and O separately; so we look at tw^o cases. 

Case 1. H = G and O is the identity map. Here for every A: > and i E {1, . . . , 2 } 
we have 

RFo{a\ f o cr o af)) = RFo{{focTn^)\ erf) =RFo{f* (a) \cro erf). 
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Hence 

RPfc(a|/o£r)=RP,((/oc7)*(a)|ll)=RP,(/*(a)|c7). 

Going to the limit in k we see that 

MI(a|/oc7) =Ml((/ocr)*(a) |li) =M[{f*{a)\a). 

Case 2. Here we assume that Y = X and / is the identity map. Since 

Ml{oc\cr) =MI((7*(a)|(7°) 

and 

Ml{(p{a)\a) =Ml{{a*(E)4>){a)\af) =M[{cj}{a*{ci))\a^), 

we can replace u with o^ and a with a* (a). Therefore w^e can assume that cr is a 
linear map. 

Put a euclidean norm on fi such that (^ : g ^- f) has operator norm \\(p\\ < 1. 
This implies that ||(/'(a)||sob ^ ll'^llsob- So we can assume that ei(^(a)) > ei(a) 
and Ci{<p{a)) < ci{a) (cf. proof of Lemma 3.3.1 1. 

Take k large enough such that a o af is a-tiny for every i E {1,. . . ,2^}. Then 
a o of is also ^ (a) -tiny. 

By part (3) of Proposition 3.3.22 w^e have 



2' 



MI(a|c7) =YlMl{ci\i7oaf) 

! = 1 



and 



2' 



,/t 



.S:\ 



Ml{(p{a)\a) =YlMl{cl){oc) |trocr^ 

z=l 

So it suffices to prove that 

<l>(MI(a I £7- o erf)) = Ml{(p{ci) \ a o af) 

for every i. 

By this reduction w^e can assume that a is a-tiny and also (f (a) -tiny. Take any 
A: > 0, and for every i E {1,. . ., 2*^} let Wj := (^fij) E I^. If Wj is a smooth point of 

a*{ix)Enl„,{I^)(E)Q, 

then it is also a smooth point of 

K®</>)(<^)eni^,(ii)®i). 

In this case we have 

(3.4.2) cD(RPo(a|^ot7f)) = RPq ((/)(«) | c^o trf). 

In case W/ is a singular point of {a* <p)i^)' then it is also a singular point of 
a* {a). Hence | |3.4.2| also holds (both sides are 1). 

The only problem is w^hen Wj is a smooth point of {a* (g (p) (a) but a singular 
point of (j*(a). 

Now we use the estimate provided by Lemma 3.3.1 (noting that (p o log^^^ = 
logH ° *): 

II log^(cD(RPo(« \(roaf)))- logH(RPo(</'(a) ko ^f)) || 

<2■Cl(a)■len(£r).(l)^ 
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Let m be the number of singular points of a* {a). Then using property (iv) of 
we get 



Theorem 2.1.2 



II logH(*(RP,t(a k))) - log„(RP^(<?'(a) I C7)) II 
<2m-ci(a)-len((7)- {\f . 
Since m is independent of k, in the limit A: ^> oo we get 

^{Ml{DL\a))=Ml{(p{ci)\a). 

D 

A particular case of the above is when we are given a representation of G, 
namely a map of Lie groups O : G ^- GL,„(]R) for some m. The Lie algebra of 
GLm(]R) is g(,„(]R) = Mm(]R), the algebra oi m xm matrices. For a matrix a e 
Mm(]R) let us denote by ||fl|| its operator norm, as linear operator a : W -^ R'", 
where R"' has the stardard euclidean inner product. 

Proposition 3.4.3. Let O : G ^> GL„j(]R) be a representation, and let a e np„g(X) ® 
g. Then there is a constant C4(a, O) > such that the following holds: 

(*) Given a piecewise linear map a -.1^ ^f- X, let g := MI(a | o") G G. Then 

\\^{g)\\ < exp(c4(a,0) ■len((7)), 

where exp the usual real exponential function. 

Proof Let's write H := GLmiR), f) := 0[,„(]R) and a' := Lie(cl))(a) e 
np^s(X) (g) [). We use the operator norm on () to determine the constants ei(a') 



and ci{a') in Definition 3.3.16 



Take k large enough so that a o a^ is a'-tiny for every i e {1, ...,2*^}. Let 

d := len(cr) and d,- := len(cro cr,-), so d = Y^^i dj. Define hj := MI(a' | ao a^) e H. 
Then hj G Vo{H), and we can define 7, := logjj(/i;) e (). 
Since the matrix 7, satisfies 

II7/II < ci(a') -di, 
it follows that its exponential hj satisfies 

\\hi\\ < exp(ci(a') ■ dj) . 
Now 

cD(^) = Mi(a' k) = n ^zv 

(=1 
so w^e obtain 

||*(^)|| <exp(ci(a')-d). 
Therefore we can take Ci{oc, O) := cj (a'). D 

3.5. Strings. 

Definition 3.5.1. Let X be a polyhedron. A string in X is a sequence a = 

{cr-i, . . . , a^) of piecewise linear maps cr,- : I^ — >• X, such that o-i{vi) = c7,_|_i(i?o) 
for all i. The maps (t-, : I^ ^> X are called the pieces of a. We write cr[vQ) := crj (179) 
and cr[vi) := cr„,[vi), and call these points the initial and terminal points of cr, 
respectively. The length of a is len(cr) := E/'li len(c7',). 
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Figure 7. The strings a = ((71,(72, ^7-3), t = (ti,T2) and cr* t in 
the polyhedron X. 

Suppose a enL,s(X) Q. We say that cr is an a-tiny string if len(cr) < e\{oc); 
cf. Definition 11316] 

Here are a few operations on strings. Suppose cr = {a-y, . . . , cr,„) and T = 
(ti, . . . ,t;) are two strings in X, with t(z7o) = ^^(^i)- Then we define the concate- 
nated string 

(3.5.2) (7*T:= ((7i,...,cr,„,Ti,...,T,). 

See Figure [TI for an illustration. 

The flip of I^ is the linear bijection flip : I^ ^- I^ defined on vertices by 

flip(z;o,J'i) := {^1,^0)- 
Given a piecewise linear map a : l^ ^ X we let 

(3.5.3) cr-i := (7 o flip: I^ ^ X. 

For a string a = {cri, . . .,cr„i) in X we define the inverse string 

(3.5.4) C7-1:=(£7-1,...,C7-1). 

The empty string is the unique string of length 0, and we denote it by 0. For 
any string cr we let cr * Q) := a and * (7 := cr. 

Let / : X ^- Y be a piecewise linear map between polyhedra, and let a = 
{cTi, . . . ,a,„) be a string in X. We define the string / o 17 in Y to be 

(3.5.5) foa--{foai,...,focrm). 

Remark 3.5.6. The reason for w^orking with strings (rather than with paths, as is 
the custom in algebraic topology) is that composition of strings, as defined above, 
is associative, whereas composition of paths is only associative up to homotopy 

It will be convenient to integrate along a string. As before G is a Lie group 
with Lie algebra g. 

Definition 3.5.7. Suppose a e np^y5(X) g and cr = {cri, . . . , (7^) is a string in X. 
The multiplicative integral MI (a \cr) oi a on a is 

m 

MI(a 1 17) := n MI(a | (7,-) e G. 

i=l 



40 AMNON YEKUTIELI 

Proposition 3.5.8. Let a. e np^g(X) g. 

(1) Given strings a and r in X such that t(i'o) = cr(^i)/ one has 

MI(a I cr * t) = MI(a | a) ■ MI(a | t). 

(2) Given a string a inX , one has 

MI(a|D-i) =MI(a|c7)-i. 

(3) If a is an oc-tiny string in X {i.e len(cr) < ei(a)), then MI(a | cr) e Vo{G), and 

II logg (MI(a I cr)) II < ci (a) ■ len(c7-) . 
Proof. (1) This is trivial. 

(2) By part (1) it suffices to consider a piecewise linear map cr : I^ — >• X. Since the 
flip reverses orientation on I^, it follows that 

RPo(a|c^"^) =RVo{oi\a)'^. 

From this, and the symmetry of the binary tessellations, it follows that for every 
A: > one has 

RP^(a|c7~i) =RP^(a|(7)-i. 

In the limit we get MI(a | a^^) = MI(a | ct")"^. 

(3) Say a — [ai, ... ,(j„i). Take k large enough so that 2^ > m. Let cr' : I^ ^- X be 
the unique piecewise linear map satisfying cr' o a^ = cr, for i < m, and cr' o erf is 



the constant map cr{vi) for i > m. Note that len(cr') = len(cr). By Definition 3.5.7 



and Proposition 3.3.22 3) we have MI(a | a') = MI(a | a). Now use Proposition 



33:221 :1). D 



Proposition 3.5.9. Let O : G ^ H bea map of Lie groups, let f -.Y ^ Xbe a piecewise 
linear map between polyhedra, and let a e Cfi„^{X) ® q. Then for any string a in Y one 
has 

<l>(MI(a|/oc7)) =Ml((/*0Lie(O))(a)|tr) e H. 



Proof. This is an immediate consequence of Proposition 3.5.8 T) and Proposition 



I3AT] D 

Proposition 3.5.10. Let <I> : G ^- GLm(]R) be a representation, and let a. e Ci^^^[X) ® 
g. Given a string cr in X let g := MI(a | a). Then the norm of the operator ^{g) on R™ 
satisfies 

\\^{g)\\ <exp(c4(a,cl)).len(tr)). 



where C4(a, O) is the constant from Proposition 3.4.3 



Proof. By part (1) of Proposition [333 the left side of this inequality is multiplica- 



tive with respect to the operation *. And clearly the right side is also multiplica- 
tive with respect to *. So it suffices to consider a piecewise linear map c^ : I^ — > X. 



Now w^e can use Proposition 3.4.3 D 

For a string a = {cr\, . . . ,cr^) and a form a. G Cii^^[X) ® w-e write 



a 



<j 



E / ^^^' 



=1-"^, 



where 



is the usual integral of this g-valued piecewise smooth differential form. 
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Proposition 3.5.11. Let a e np^g(X) ® g, and let a be an a-tiny string in X. Then 

II logG(MI(a \cr))- [ a\\< co(G) ■ ci(a)2 ■ len{af . 

What this result says, is that in the tiny scale the nonabelian integral is very 
close to the abelian integral. 

Proof. Step 1. We begin the proof with a reduction to the case m = 1, and a = cri 
is a single linear map I^ -^ X. First we append a few empty strings at the end 
of a, so that the number of linear pieces becomes m = 2 for some k. This does 
not change len(cr) nor MI(a|cr). Let Z be an oriented 1-dimensional polyhe- 
dron (a line segment) of length len{a), partitioned into segments Zj, . . . , Z,„, with 
len(Z,) = len((7,). Let c^' : I^ ^ Z be the unique oriented linear bijection. There is 
a unique piecewise linear map f : Z ^ X, such that ct, = f o a' o af as piecewise 
linear maps I^ ^- X for every i. Let oc' := /*(«) E Clp„^{Z) g. According to 
Propositions 3.3.22 3), 3.5.7 and 3.5.9 we have 

MI(a|(7) =Ml{ci'\cr'). 

And clearly 



a. = a. . 



Because the piecewise linear map / : Z ^ X is a linear metric embedding on 
each of its linear pieces, it follows that ||a'||sob ^ Ik II Sob/ and hence we can 
choose ei(a') > ei(a) and ci(a') < ci(a). 
Note that 

len{a') = len(Z) = len{cr) < £i{a) . 

So we can replace X with Z, a with a' and a with oc' . Doing so, we can now 
assume that wi = 1 and u is a single linear map. 

Step 2. Here we assume that a is an a-tiny linear map, and we let e := len(c7'). 
Take any A: > 0. We know that 

Also (by Lemma 3.3.1| we have 

RPfc(a|£r),RPo(a|£roc7-f)eyo(G). 

For any i let 

A,:=logc(RPo(a|^ot7f)) eg. 



so 



Let us write 



RP)c(ak)=nexpG(AO. 

;=1 



RS,.fak) 



2t 

1=1 



This is a Riemann sum for the usual integral. 
By Lemma 3.3.1 we have 



\\k 



|A/||<ci(a)-(i) 
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for every /. Using property (ii) of Theorem |2.1.2| we see that 

II logc(RPfc(a I cr)) - RSfc(a | ^) || < co(G) ■ (^'!^ ||A,-||)' < co(G) ■ c^i^f ■ e^ 



In the limit A: ^- oo we have 



and 



lim RSfc(a | cr) 

fc— >oo 



lim RP;t(fl;k) =MI(a|D-), 



so the proof is done. □ 

Corollary 3.5.12. Let a. e np^yg(X) ® g, and let a be an a-tiny closed string in X which 
bounds a polygon Z. Then 

II log(;;(MI(a I cr)) II < co(G)-ci(a)2.1en(cr)2+area(Z)- ||a||sob- 

Proof. Choose an orientation on Z. By the abelian Stokes Theorem (Theorem 
|1.7.3^ we have 

II / a II = II / d(a) II < area(Z) ■ ||a||snb ■ 
II y^ II II y^ ^ ^ II - ^ ^ " 1'^°" 

Now combine this estimate with the Proposition above. D 

Proposition 3.5.13. Let O : G ^- GLm(]R) be a representation, and let cc e Cl^^^{X) ® 
g. Then there are constants e^{cc,^) and c^{a.,^) such that 

0<e5(a,O)<l and C5(a,'I>)>l, 

and such that conditions (i)-(iii) below hold for every string a in X satisfying len(cr) < 
e5(a, O). Let us write 

cc' := Lie(cD)(a) e C^l^^iX) ® gl„{U), 

and 

g' ■- Ml{a' I a) = cD(MI(a | cr)) e GL,„(]R). 
Let 1 be the identity operator on M™, and let \\ — \\ denote the operator norm on W". The 
conditions are: 

(i) 

\\g'-l\\ <C5{a,4>)-len{(T). 

(ii) 

II /- (1+ la') II <C5(a,cI))-len(cr)2. 

(iii) Assume a' is smooth. Let xq be the initial point of a, and let a'(xo) be the 
constant form defined in Definition \1.3.3 Then 

||g'-(l+ /a'(xo))|| <C5(a,cI>).len(cr)2. 



Proof. Let us write H := GL,„(]R) and f) := g[„(R). Define £5(01,0) := ei(a'), in 
the sense of Definition 3.3.16 and let d := ci(a') ■ ei(a'). 

By reasons of convergence of analytic functions on compact domains, there is 
a constant c such that for every matrix A G () with ||A|| < d the inequalities 

(3.5.14) ||exp^(A)-l|| <c- ||A|| 
and 

(3.5.15) II exp^(A) - (1 + A) || < c • ||Af 
hold. 
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Take a string a with e := len(cr) < £5(0:, O). By Proposition 3.5.8 3) we have 
g' e yo(H) and 

||A|| < ci(a') ■£<d, 

for the elements g' := MI(a' | a) and A := log^(g') e f). Inequality (3.5.141 gives 

(3.5.16) k'-l|| <c-ci(a')-e- 

Next, using Proposition |3 .5 . iT] and inequality 1 3.5.15 1 we have 



(3.5.17) 



< 



(1 + A)|| + ||A- 



< c-ci(a')^-e^ + ci(a') 



'\2 



Finally, assume that a' is smooth. By Taylor expansion of the coefficients of a' 
(cf. l |3.3.7| ) we have the estimate 

||a'(x)-a'(xo) II < ||a'||sob-e 
for every point x in the image of the string a. Therefore 



(3.5.18) 



/«'- /a'(xo)||<||«'|| 



Sob ■ ^ 



From the inequalities l |3.5.16^ , 13.5.171 and | 3.5.18| we can now easily extract a 
constant c^{dc, O) for w^hich all three conditions hold. D 
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4. Multiplicative Integration in Dimension 2 

We pass up to dimension 2. Here is turns out that things are really much more 
complicated, for geometrical reasons. 

A rudimentary multiplicative integration on surfaces was already introduced 
by Schlesinger in 1928, in his nonabelian 2-dimensional Stokes Theorem (see [ DFl 
Appendix A. 11,9]). However w^e need stronger results, for w^hich a more compli- 
cated multiplicative integration procedure is required. 

It turns out (this was already in Schlesinger 's work) that the correct multi- 
plicative integral is twisted: there is a 2-form, say /5, that is integrated, but this 
integration is twisted by a 1-form a. The geometric cycles on which integration is 
performed are the kites, to be defined now. 

4.1. Kites. By a pointed polyhedron (X, xg) we mean a polyhedron X (see Section 
qI, together with a base point xq G X- As base point for I^ we always take the 
vertex vq; cf. |[T]ZT|. 



Definition 4.1.1. Let {X,xq) be a pointed polyhedron. 

(1) A quadranndarkite in (X, xq) is a pair {a, t), where (7 is a string in X (see 



Definition 



3.5.1 1, and t : I^ ^- X is a linear map. The conditions are that 
cr{vo) = xo and cr{vi) = t(i;o)- 

(2) If t(I^) is 2-dimensional then we call (u, t) a nondegenerate kite. 

(3) If t(I'^) is a square in X (of positive size), then we call (u, t) a square kite. 

See Figure [8] for illustration. 

Until Section I9J where triangular kites are introduced, w^e shall only encounter 
quadrangular kites. Hence is Sections |4]l8] a kite shall always mean a quadrangu- 
lar kite. 

Consider a kite {c,t). The image t(I ) is a parallelogram in X. We denote 
the area of t(I^) by area(T). If t(I^) is a square, then we denote the side of this 
square by side(T). 

We view (I^, I'o) as an oriented pointed polyhedron. Suppose (c^, t) is a non- 
degenerate kite in {\^,vq). If the orientation of t is positive, then w^e say that the 
kite (cr, t) is positively oriented. 

We shall need the following composition operation on kites. Suppose {(Ji,ti) 
is a kite in (X, Xq), and ((J2, T2) is a kite in (I^, Vq). Then Tj o T2 : I^ ^> X is a linear 
map, and di * (ti o 172) is a string in X. (See ( |3.5.2 1 for the concatenation operation 
*.) We define 

(4.1.2) {0-l,Ti) O (t72,T2) := (d-1 * (ti OCr2),Ti OT2), 

which is also a kite in (X, xq)- Note that this composition operation is associative. 
For an illustration see Figures l8] and l9] 

Let (cr,T) be a kite in (X,xo)/ and let / : (X,xo) -^ C^/J/o) be a piecewise 
linear map between pointed polyhedra. Assume that t he restriction of / to the 



subpolyhedron t(I ) C X is linear. As in formula 13.5.5 1 we have a string / o (j in 
Y. We define 

(4.1.3) fo{a,T):={foa,foT), 

which is a kite in (Y, j/q)- 

Given a kite {a, t) in (X, xq), its boundary is the closed string d{(T, r) defined as 
follows. First we define 

(4.1.4) ai2 := {vo,vt) * (1^1,(1,1)) * {{1,1), V2) * (1^2,^0) • 
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Figure 8. A linear quadrangular kite {a, t) in the pointed poly- 
hedron (X, xo)/ and a linear quadrangular kite {c'/t') in the 
pointed polyhedron (I^,co)- 




Figure 9. Continued from FigurelS] the linear quadrangular kite 

(u, t) o (cr', t') in the pointed polyhedron (X, xq). 



This is a closed string in I^, based at cq- Next we let 3t := to (31^), where 
composition is in the sense of | 3.5.5| . So 3t is a closed string in X. Finally w^e 
define 



(4.1.5) 



d{a,T) := a * {dT)*a ^, 



10 



where u ^ is the inverse string from 13.5.4 1. See Figure 
Here is a useful fact about the geometry of kites. 

Proposition 4.1.6. Let (cr, t) be a kite in (X, xg). Then there is a square kite [cr' ,t') 
in (I^, 5^0)/ (ind a piecewise linear map of pointed polyhedra f : (I^,Co) ~^ {X,xq), such 
that len(cr') < 1, / is linear on t'(I^), and 



{a,T)^fo{cr',T' 



as kites in (X, xq)- 



Proof. Say a = [ai, . . . ,am) is the decomposition of a into pieces, li m — (i.e. a is 
the empty string), then we let a' also be the empty string, and we take t' := idi2 
and / : = T. 
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Figure 10. The boundary d{a, t) 
from Figure Is] 



(7 * 8t * cr ^ of the kite {a, t) 




Figure U. The map /|yuz '■ Y U Z ^ X, where Z = Zi U Z2 U Z3. 



Otherwise, if m > 0, then w^e define the square kite {a', r') in (I^, vq) as follows. 
The square map t' : I^ ^ I^ is defined on vertices by the formula 

T'ivo,v^,V2) := {m),il,l),{2^))■ 
Andwe\etY - t'(I2). 

Next consider the oriented line segment Z going from i^q to (j, j). We divide 
Z into ni equal pieces, labeled Zj, . . . ,Z,„. We let cr' : I^ — )• Z be the positively 
oriented linear map with image Z,. And w^e let a' be the string u' := (c^^, . . . ,£r^). 

The map /| y is defined to be the unique linear map Y ^- X such that / o x' = t. 
And for every i the map f\z- defined to be the unique piecewise linear map 
Z; -^ X such that / o cr' = di. We thus have a map /|yuz ■ Y U Z -^ X; see Figure 
|lT|for an illustration. 

Finally let ^ : l^ ^> Y U Z be any piecewise linear retraction; for instance as 
~ :I2 ~ 



suggested by Figure 12 We define f '■= f\ 



lYUZ • 



X. See Figure 



13 



D 



4.2. Binary Tessellations of I^. For A: > the k-th binary subdivision of I^ is the 
cellular subdivision sd I^ of I^ into 4 squares, each of side {j) ■ The 1 -skeleton 
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Figure 12. A piecewise linear retraction ^ : I^ — )• Y U Z. 




Figure 13. The piecewise linear map / := /| yuz ° S' ^^d the kite 
{a', t') such that / o {a', r') = {cr, t). 



V2 



^0 



1 1 


' 1 


1 1 


w 



^1 



Figure 14. The 1-st binary subdivision sd I of I . Here w := (j, j) 



of sd I^ is the set ski sd I^ consisting of the union of all edges (i.e. 1-cells) in 
sd I^. Thus skj sd I^ is a grid. See Figure 14 



Definition 4.2.1. Let A: be a natural number. 



i':t2 u 



(1) Let p = 0,1,2. A linear map a : IP ^ l^ is said to be patterned on sd*^ I-^ if 
the image a (IP) is a p-cell of sd I^. 

(2) A string a = {di, . . . , a^) in I^ is said to be patterned on sd I^ if each 
piece CTj : I^ ^> I^ is a linear map patterned on sd I^. 

(3) A square kite {a, t) in (I^, vq) is said to be patterned on sd I^ if both the 
linear map t and the string a are patterned on sd I . 
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Figure 15. The probe cfpi in I^. Here w :- 



'I I) 



The fundamental group of the topological space sk^ sd I , based at vq, is de- 
noted by 7ri(ski sd I^). It is a free group on 4 generators. Given a closed string 
a patterned on sd I^ and based at vq, we denote by [a] the corresponding ele- 
ment of ;ri(ski sd^I ). In particular, if (cr, t) is a kite patterned on sd^I , then 
the boundary 3((7, t) represents an element 

[d{(T,T)] e 7ri(skisd''l2). 



Recall the boundary 31^ from equation (4.1.4 



Definition 4.2.2. Let A: be a natural number A tessellation ofl^ patterned on sd^I^ 
is a sequence 

P = {{o-i,ri),...,{cr^k,T^k)) 

of kites in (I^, cq)/ satisfying these two conditions: 

(i) Each kite (c^;, t,) is patterned on sd I^. 
(ii) One has 

1=1 
in the group 7ri(skisd I^). The product is according to the convention 
I 2XT) . 

Remark 4.2.3. Suppose p is a tessellation of I^ patterned on sd I^. Then, in the 
notation of the definition, each kite (c^;, t,) is positively oriented, and each 2-cell 
of sd I^ occurs as t,(I^) for exactly one index i. 

This assertion (that w^e will not use in the paper) can be proved directly, by 



a toplogical argument. But it also follows from Corollary 7.5.2 by taking the 
abelian Lie groups G := 1 and H := GLi(]R), and the differential forms a := 
and /5 := / • dti A dti, where / : I^ ^- ]R is a smooth nonnegative bump function 
supported in the interior of a given 2-cell of sd I^. 



The probe is the the string 

(4.2.4) 



^pr 



for an illustration. 



15 



(with two pieces) in I . See Figure 

Definition 4.2.5. Let A: be a natural number. The k-th binary tessellation ofl^ is the 
sequence 



tes'^I^ 



(tes'{l2,. 



k ^k\ 



,tes^,l2) = ((^f,T|),...,(4,4)) 



NONABELIAN MULTIPLICATIVE INTEGRATION 



49 



V2 ^ (\,}) 




\ 


S 


1 


1 ' 

1 


y\ 



^0 



^1 



V2 



^0 



(1,^) 



^1 



V2 



(0-1) 



^'O 



Ul 



^2 



<• 1 1 


1 ^- . 

..- i ) ' 



Vq 



(lo) 



^1 



Figure 16. The 1-st binary tessellation tes^ I^. The arrowheads 
indicate the orientation of the linear maps. 



of kites in (I^, Vq), patterned on sd \^ , that is defined recursively as follows. 

(1) For A: = let cr^ be the empty string, and let xf be the identity map of I^. 

(2) For A: = 1 all four strings cf\ are the same; they are cf^ := Upr. The four 
linear maps t\ : I^ — > I^ are patterned on sd I^, positively oriented, and 
have t\{vq) = {\, 1). It remains to specify the points t\(v\): 

tI{v,) = (i,0), Ti(z;i) = (1,1), T3i(z;i) = (i,l), tUv,) = (0,1). 

(3) For k > 2 we define 

tes'^I^:^ (tes^l2)o(tes*^"il2). 



Here composition of sequences of kites is using the operations 1 4.1.2| and 
I 3XT) . 



See Figures 16 and 17 for an illustration. 



It is clear that s equen ce tes I^ is a tessellation of I^ patterned on sd I^, in the 



sense of Definition 



4.2.2 



We call (cr^, T^) the basic kite. 

Hopefully there will be no confusion between the linear map of belonging 
tes I^, and the string crv^ belonging tes I^; these are distinct objects that share the 
same notation. 

An easy calculation shows that 

(4.2.6) len{af) < 2 

for all k and i. 
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Figure 17. The kite {cry,Tj) in tes I . 

Definition 4.2.7. Let {cr, r) be a kite in (X, xq). For A: e N and i e {1, . . . ,#} let 

tesf ((7, t) := {a, t) o tesf I^ = {a, t) o (erf, rf), 

which is also a kite in (X, xg). The sequence of kites 

tes''(c7,T) := {tes\{cr,T),...,tes'lticr,T)) 

is called the k-th binary tessellation of {c,t). 

Remark 4.2.8. The choice of strings for the kites in the binary tessellations (and 
the ordering of the kites) is clearly artificial, and also very asymmetrical. As 
we shall see later, in favorable situations this will not matter at all - any other 
tessellation w^orks! See Corollary [7.5.2 



4.3. Additive Twisting and Riemann Products. Let f) be a finite dimensional 
vector space (over R). We denote by GL(f)) the group of linear automorphisms of 
\), w^hich is a Lie group (noncanonically isomorphic to GL(;(]R) for d := dim fi). 

Definition 4.3.1. A twisting setup is the data C = (G, H, Yf,), consisting of: 

(1) Lie groups G and H, with Lie algebras g and \) respectively. 

(2) A map of Lie groups Y(, : G ^- GL(()), called an additive twisting. 

Warning: w^e do not assume that the map Yf|(^) : f) ^> f), for g G G, is an 
automorphism of Lie algebras! 

Example 4.3.2. Let G be any Lie group. Take H := G and Yj, := Ad(,, the adjoint 
action of H = G on its Lie algebra. Then (G, H,Y(,) is a twisting setup. Here 
Y(, (g) is in fact an automorphism of Lie groups. 

Let us fix, for the rest of this section, a twisting setup C = (G, H, Y(,). The Lie 
algebras of G and H are g and f) respectively. 



We choose some euclidean norm 



on the vector space g. As in Section 



pjw^e also choose an open neighborhood Vo(G) of 1 in G on w^hich log^ is well- 
defined, a convergence radius eo(G), and a commutativity constant Co(G). Like- 
wise we choose || — ||i,, Vo(^)' ^o(^) arid cq{H). Given g E G, the linear operator 
Y(,(^) E End(t)) is given the operator norm ||Y(,(g)||. It should be noted that 
these choices are auxiliary only, and do not effect the definition of the multiplica- 
tive integration. 

Piecewise smooth differential forms were discussed in Subsection 11.51 The 



string CTpr (the probe) was introduced in 1 4.2.4 1. 
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Figure 18. Calculating RPo(a, /5 1 u, t) in the smooth case. Here 
Z = t(I^), z = t{j, j), and Y is a triangle in Z such that /5|y is 
smooth. 



Definition 4.3.3 (Basic Riemann Product). Let (X, xq) be a pointed polyhedron, 
let 

« e ^pws(^)®0' 
let 

^en2^,(x)®f), 

and let {c,t) be a kite in (X, xq)- We define an element 

RPo(a,^|t7,T) eH, 

called the tefc Riemann product of (a, /5) on (c^, t), as follows. Write Z := t(I^) 
and z := t(2,2) g Z. There are two cases to consider: 

(1) Assume dimZ = 2 and z is a smooth point of the form /Jj^- Put on Z 
the orientation compatible with t. Choose a triangle Y in Z such that 
z e Int Y and /5|y is smooth, and let j6 e C(Y) (g) f) be the coefficient of /3|y 
with respect to the orientation form of Y (see Definition 1.7.2^ . Also let 

g := MI(a 1 17* (to CTpj.)) e G. 

We define 

RPo(«,/5 1 c7,t) := exp^(area(Z) ■ T„(g)(^(z))). 

(2) If dimZ < 2, or dimZ = 2 and z is a singular point oi fi\z, w^e define 

RPo(a,^|^,T):=l. 
It is obvious that case (1) of the definition is independent of the triangle Y. See 



Figure 18 for an illustration. 



Remark 4.3.4. We call the string apr "the probe" because it reaches into the middle 
of the square I . The "reading" it gives, namely the formula for RPo(a, /5 1 (7, t) in 
part (1) of the definition above, is better than ( 0.8.1| , bec ause it converges to the 
limit faster: order of side(T)^ versus side(T)^. Cf. Lemma 4.4.4 below. 
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Suppose we are given a finite sequence of kites 

P = ((^l/Tl),...,(cr„,Tm)) 

in {X,xq). We write 



(4.3.5) 



(=1 



Recall the binary tessellation tes (cr, t) from Definition 



4.2.7 



Definition 4.3.6 (Refined Riemann Product). Let (X, xq) be a pointed polyhedron, 

let a E np„g(X) (g) g, let ji e np„g(X) f), and let (c^, t) be a kite in (X,xo)- For 
fc > w^e define 



RPfc(a,^ I a,T) := RPo(a,^ | tes*^((7,T)) = H RPo(a,i6 | (^,t) o (<,Tf)). 



/=i 



Lemma 4.3.7. Lef/ : (X', Xq) -^ {X,xq) beapiecewiselinear map of pointed polyhedra, 
and let {c' ,t') be a kite in (X',Xq). Assume that f is linear on t'(I^), and let 

{a,T):=fo{a\T'), 

which is a kite in {X,xo). Let a! := f*{a) and ^' := f*{^). Then 

RFk{a,^\a,T)=^,,{a',p'\a',T') 

for any k >0. 

Proof. Take A: > and f e {1, . . . ,4'^}. We will prove that 

(4.3.8) RPoK/5 1 {a,T) o (^f,Tf)) = RPo(«',/3' | (^',t') o {crf,T^)). 

Let Z := t(i2) c X and Z' := t^(I^ ) c X'. If dimZ < 2 then ^\z = and 
fi'lz' = 0, and hence both sides of 1 4.3.8[ equal 1 . 

If dim Z = 2 then the linear map /I2' : Z' ^> Z is bijective. Let if := (j, 2) G I^, 
Zj := (t o t^){w) e Z and zj := (t' o Tf){w) E Z'. Then z,- is a smooth point of 
/5 1 2 if and only if z^ is a smooth point of ^'\z'- Iri the singular case again both 
sides of | 4.3.8| equal 1. 

In the smooth case w^e know (by Proposition 3.5.9| that 

MI(a|cr* (to erf) * (T0T,^0(7pr)) = MI(a' \ d' * {t' O af) * (t'oT^ 0(7pr)). 

This says the twistin gs are the same. Let ^/ be the coefficient of /5 near z,, as in 
case (1) of Definition 



4.3.3 



and let j6' be the coefficient of /5' near zj. Then 

area(Z,-)-^/(z;)=area(Z;)-^;(z;). 
So in this case w^e also get equality in | 4.3.8[ . D 

4.4. Con vergence of Riemann Products. We continue with the setup of Subsec- 
tion 4.3 Fix differential forms a E Dly,^{X) g and /5 E Cily^^lX) f). 



Lemma 4.4.1. There are constants cj (a, j6) and ei (a, /3) with the following properties. 
(i) The inequalities below hold: 

l<ci(a,^) 

<ei(a,^) < 1 

ei(a,^)-ci(a,/5)< ieo(H). 
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Figure 19. The kite {a, t) in (X, xq) and the points zi, . . . , Z4ic in 
t(i2). Here A: = 1. 
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Figure 20. The kite ((72, T2) in (X, xq)- 



(ii) Suppose {cr,T) is a square kite in (X,xo) smc/z that side(T) < ei(a, /5) and 
len(cr) < 4 ■ diam(X). Then for any k >0 one has 



and 



RPfc(a,/3|(7,T)eyo(H) 



logH(RP)c(a,^k,T)) II <ci(a,^)-side(T)2. 



Proof. Let a; := (j, 2) G I^. Given a square kite ((J, t), let Z := t(I^), z := t{w) 
and e := side(T). 

For i e {!,...,#} define 

(4.4.2) {cTi,Ti):=ia,T)o{af,Tf). 

This is a square kite in (X, xq) satisfying side(T,) = (j)'^^ and area(T,) = {^)'^e^- 
Let Z, := T,(I^) and z, := Ti{w). see Figures 19 and 20 for illustration. Since 
len((jj'') < 2 and e < diam(X), we have 

(4.4.3) len(c7; * (t,- o apr)) = len((7) + e ■ len{af) + (Ife < 7 ■ diam(X). 
Consider the group elements 

gi := MI(a I (7i * (t; o tT-pr)) e G 
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and 

/z,:=RPo(a,^|(7;,TO eH. 
By definition of the Riemann product we have 

4* 
RFk{<^,^\(7,T)=Ylhi. 
i=l 

Take f G {1, . . . ,4 }. If z; is a smooth point of j6|z (this is the good case), then 
let ^i be the coefficient oi [i\z near z,, and let 

Otherwise, if z, is a singular point of /5|z (this is the bad case), then we let A, := 0. 
In any case, by definition we have hj = exp^(A/). 

According to Proposition 3.4.3 and the inequality | 4.4.3| we have 

||Yh(gOII<exp(c4(a,Y^)-7-diam(X)) 

for some constant C4(a, Tj,). Note that this bound is independent of k and {a, t). 
Let 

c ■- exp (c4(a, Yf,) ■ 7 ■ diam(X)) ■ [|^||sob + 1, 

ei(a,^):=eo(H)2 -c-S 

and 

ci(a,/5):=c-(co(H)+l). 

Now assume our kite satisfies e < ei(a,/3). Because ||^,(z,)|| < ||/5||sob in the 
good case, and A, = in the bad case, w^e see that 

\\\i\\<{l)'-£'-c<{l)'<-eo{H). 

Hence Ef=ill'^/ll < ^o{H), and by property (ii) of Theorem 
that 

nil ^" 6 ^o(H) 

and 

II logHinti ^0 II ^ 'o{H) ■ (Eti 1|A,1I) < co(H) ■ £2 . c < Ci(«,/5) ■ £2 . 

D 

Lemma 4.4.4. There are constant £2(^7 /5) ^"d C2(a, /5) a;/t?! the following properties: 

(i) C2(a,^) > ci(a,^) anrf < e2(a,^) < ei(a,^). 

(ii) Suppose {cr, t) zs a square kite in {X,xq) such that [i\-^/i2\ is smooth, side(T) < 
£2(0:, /5) and len(cr) < 4 ■ diam(X). Then 

II logH(RP;t(a,^ I ^,t)) - log^(RPo(a,^ I cr,T)) \\ < C2(a,^) ■ side(T)4 
for every k >0. 

The exponent 4 in "side(T)^" in the inequality above will be of utmost impor- 
tance later on. On the other hand, the factor 4 appearing in "4 • diam(X)" is quite 
arbitrary (any number bigger than 2 would probably do just as w^ell). 



2.1.2 



w^e can deduce 
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Figure 21. A string tt in Z = t(I^), with initial point zq and 
terminal point z. 



Proof. Let w := (j, j) e I^. Suppose (cr,T) is some square kite in (X,xo)- Write 
Z := t(I^), zg := t{w) e Z and e := side(Z). Assume that e > and fi\z is 
smooth (otherwise there is nothing to prove). Put on Z the orientation compatible 
with T. 

Let ^ e (9(Z) (g) f) be the coefficient of j6|2, as in Definition 



1.7.2 



Let 



and 

So by definition 



go :=MI(a|D-* (Too-pr)) e G, 
Ao:=e2.Y„(go)(i6(zo))ef). 



exp^(Ao) =RPo(a,i6|t^,T). 
Suppose 7T is some string in Z, with initial point zq. Let z be the terminal point 



of 7T. See Figure 21 



We shall need the following variant of the Taylor expansion of /5(z) to second 
order around zq: 

^(z)=^(zo)+ [{d'p){zo)+R\'p,n). 



Here d^ e n^(Z) ii, an d (d^)(zo) e njQj.jgt(Z) ® () is the associated constant 
form (see Definition 1.3.3 i. Thus J (d^)(zo) is the linear term in the expansion 
- it depends linearly on n. And the quadratic remainder term R^(^, n) E I) has 
this bound: 

||R2(^,7r)||<||/5||sob-len(7r)2. 

Therefore we get the estimate 

len(7r)2. 



(4.4.5) 
Next let 

and 



^(z) -(^(zo)+/(d^)(zo)) II < 11/31 

J 71 



Sob 



^:=MI(a| tt) e G 



Lie(Yf,)(a)eni^,(X)®End(f)). 



Assume that len(7T) < e5(a, Yp,). According to Proposition 3.5.13 we have this 
estimate for the operator Yf, (g) E End(f)): 



(4.4.6) 



l^i^ig) 



x'{zo))\\ <C5(a,T^)-len(7r)2 



And by Proposition 3.5.10| we have the bound 

(4.4.7) ||Yf,(g)|| <exp(c4(a,Yf,)-e5(a,Y^)). 
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713,, 



23, 



ZO 



Zl 



^1 



Figure 22. The strings tti and 713 in Z. Here k = 1. 



By combining inequalities 1 4.4.5) , 14.4.61 and | 4.4.7| , we see that there exists a 
constant c(a, /5) such that 



(4.4.8) 



Yf,te)(^(2))-(^(2o) + (/^^'(zo))(^(2o)) + /^(d^)(zo) 
< c(a,,6) ■len(7T)2. 



This holds for every string tt in Z with len(7T) < e5(a,Y|^), n{v()) = zg and 
n{vi) = z. 

Now take A: > 0. For any index i G {1, ... ,4 } let tti be the unique string in Z 
such that 



(t O CTpj.) * TT; = (t O af) * (t O T; O CTj 



pr) 



as strings. This is a string with initial point zq, and with terminal point 

Zi := (TOTf)(a;). 
Notice that for i < 2 the strings tzi and 712'- +; ^'^^ reflections of each other relative 



to the point Zq. See Figure 22 
Define 



and 

So we have 



gi := MI(a 1 71;) e G 



exp^(A,) = RPo(a,/3 1 {a,T) o (^f,Tf)). 
And the bound for A, is 

(4.4.9) ||A,||<(|)'^-e2.c'(a,/5), 

where w^e write 

c'(a,^) := exp(c4(a, Y^) ■ 7 ■ diam(X)) ■ ||^||sob + 1 ■ 
Using the abbreviation 

7:=e2-Y^(^o)(d^)eni^3(Z)®f,, 



formula 14.4.8 1, and the inequality len(7r,) < e, we obtain 

II A, - (1)*^ ■ (Ao + (_£ «'(zo)) (Ao) + J^ 7(20)) 



(4.4.10) 



<c{a,fi)-il)'^-e\ 



For this to be true we should assume that e < e5(A;,T[,). 
Let us set 

e2(a,^) := min(ei(a,/3), c'(a,^)-i/2 . eo{H)^/\ e5(a,Y^)) , 



NONABELIAN MULTIPLICATIVE INTEGRATION 57 



We now assume furthermore that e < £2ioi,li). In particular, from 14.4.9 i we 
obtain 

i=\ 

We know that 

4* 

nexpH(Ao) =RP,t(a/^k/T). 
1=1 



Therefore we can use property (ii) of Theorem 2.1.2 to deduce that 

4' 



k 

4 J i ^, a\1 



II log„(RP,(«,/3 1 c7,t)) - J] A, II < co(H) ■ e* . d{ci,^f. 

The geometric symmetry of the sequence of strings n\ , n^k implies that 

(/ a'(zo))(Ao) = -(/ ^'(zo))(Ao) 

for i < 2 ; and therefore 

X:(/ ^'(zo))(Ao)=0. 
Similarly 

E / t(zo) = 0. 
Plugging in the estimate (4.4. 10| we obtain 



4* 

II J]A,-Ao||<c(«,/5)-e4. 
1=1 
We see that the constant 

C2(a,^) := c(a,^) +Co(H) ■ c' {cc, ^f + ci{oc, ^) . 

works. D 



Definition 4.4.11. Let us fix constants e2{oi.,§') and C2(a, /5) as in Lemma 4.4.4 A 
square kite [a, t) in (X, xg) "will be called (a, ^)-tiny in this section if 

side(T) < e2[oc,^) 

and 

\en{(T) < 4 ■ diam(X) . 

Definition 4.4.12. Let (c^, t) be a nondegenerate kite in (X, xq)- For A: e N and 
/ e {1, . . . ,4*^} let Z, := (t o Tf)(I^) C X. An index i is called good if the forms 
(x.\z' and j6|2 are smooth. Otherwise ; is called had. The sets of good and bad 
indices are denoted by good (t. A:) and bad(T, A:) respectively. 

Lemma 4.4.13. Let Z be a 2-dimensional subpolyhedron of X. There exist constants 
ao{a,fi,Z) and fli(a, /5, Z) such that for any nondegenerate kite {cr,T) in (X, xq) with 
t(I^) C Z, one has 

|bad(T,A)| <flo(a,^,Z)+fli(a,|6,Z)-2^ 

Proof. Let Zj, . . . , Z,„ be line segments in Z such that the singular locus of a and 
the singular locus of /S are contained in U/'li^i- Take aQ{a.,f),Z) := 2m and 
fli(a,/5,Z):=2-Ef=ilen(Zy). □ 
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Lemma 4.4.14. Let Z be a 2-dimensional subpolyhedron ofX. Then there is a constant 
C3(a, /5, Z) > 0, such that for any {a.,fi)-tiny kite (cr, t) satisfying t(I^) c Z, and any 
k' >k >0, one has 

II log^(RP;t'(a./5 1 ^,t)) - logH(RPfc(a,/5 1 a,T)) \\ < Hf ■ C3(a,/3,Z) ■ side(T)2. 

Proof. Let {o;t) an (a, /5)-tmy kite such th at t(I^ ) c Z. Write e := side(T). For 
i e {1, . . . ,4*"} let {cTj, Tj) be as in equation 14.4.2 >, and let Z; := t,(i2) c Z. Note 

thatside(Z,) = (si'^-e-- 

Let I := k' — k. If f e good(T,A:), then by Lemma 4.4.4 we know that 

II logH(RP,(a,^ I (7i,Ti)) - logH(RPo(a,,6 I t7,-,T0) || < C2(a,^) ■ ((i)*^ ■ e)\ 
If f e bad(T,A:), then by Lemma 4.4.1| we know that 

II logH(RP;(a,i6 I cri,Ti)) - log^lRPoK^ | t^,-,T,-)) || < 2ci(a,^) ■ {{If ■ ef . 
Therefore by property (iv) of Theorem |2. 1.2 and Lennma 4.4.13 we have 

1 1 logH (RP,t' K /5 k, t) ) - log^ (RP;t K (6 k, t) ) 1 1 

= II iogH(nti RP/(«'/5 1 ^<'^o - iogH(nti RPo('^,/3 1 <Ti,Ti) II 



<co(H)-(|good(T,fc)|-C2K/5)-(l) 



1 \ik A 



+ |bad(T,/c)|-2ci(a,/5)-(l)2'^-e2) 

<C3K/5,Z).(l)'^.e2 

where w^e take (very generously) 

C3(a,^,Z):=co(H)-(c2(a,^)+2(flo(a,^,Z)+fli(a,^,Z))-ci(a,^)). 



D 



Theorem 4.4.15. Let (X,xo) ^^ ^ pointed polyhedron, let ot e np^g(X) ® g, /et /5 e 
np„g(X) (g) (), and let {cr,T) he a kite in (X,xo)- Then the limit 



lim RP/,(a,^|t7-,T) 



exists in H. 



Proof. According to Proposition 4.1.6 and Lemma 4.3.7 we can assume that 
(X,Xo) = {1^,vq) and len(£7') < 1. 

Take k large enough such that for each i G {1,. . .,4 } the kite (u;, t,), in the 
notation of (4.4.2 >, is (a, j6)-tiny. For any A:' > we have 



( = 1 

Thus it suffices to prove that for any i the limit 

lim KPi,,{a,^\cri,Ti) 
k'^oo 



exists. Now Lemma 4.4.14 says that the sequence 

(RP/,/(a,^|t7;,T,))^,^Q 

is a Cauchy sequence in H; and therefore it converges. 



D 
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Definition 4.4.16 (Multiplicative Integral). Let (G, H,Y(,) be a twisting setup, let 
{X,xq) be a pointed polyhedron, let a E np„g(X) g, let /5 e np^ys(X) f), and 
let (cr, t) be a kite in (X,xo)- We define the multiplicative integral of ^ twisted by a. 
on {a, t) to be 

MI(a,^|t7-,T) := lim RP,,(a,^ | £7-,t) e H. 



If (X,xo) = (I^/^o) then we write 



MI(a,^|I^):=MI(a,^|c7j',Tl'), 



where {a^,T^) is the basic kite. 

4.5. Some Properties of MI. We continue with the setup of the previous subsec- 
tions. 

Proposition 4.5.1. In the situation of Definition [4.4.16] for any k >0 one has 

Ml{ci,^\a,T)=YlMl{a,p\{a,T)o{al4)). 

(=1 



Proof. For any A:' > we have 



4* 



RP,+,, («, /3 1 C7, t) = n RP)t' («, /3 1 {a, t) o (trf , rf )) . 

i=l 



Now take the limit limj^/ 



D 



Proposition 4.5.2. Consider the situation of Definition 4.4.16 and assume that (c^, t) 
is an (a, ^)-tiny kite. 

(1) One te 

MI(a,^|£7,T)eyo(H), 
and 

||logH(MI(a,^|(7,T)) II <Ci(a,^)-side(T)2. 

(2) If ^\jiii\ is smooth then 

II logH(MI(a,^ I a,T)) - logH(RPo(a,^ I ^,t)) || < C2(a,,6) ■ side(T)4. 

(3) Lef Zbe a 2-dimensional subpolyhedron of X containing t(I^). For any k > 
one has 

l\k 



log^(MI(a,/3|cr,T))-logH(RP)c(a,^k,T)) || < {^Y ■ c^itx, ^, Z) ■ side{Ty . 



Proof. Immediate from Lemmas 4.4.1} 4.4.4 and 4.4.14 



D 



Proposition 4.5.3 (Functoriality in X). Let f : (y,i/o) ~^ {X,xq) beapiecewise linear 
map between pointed polyhedra, let a e Cipy^^{X) g, let /3 e Cipy^^{X) (g) f), and let 
{a, t) be a kite in (Y, y^). Assume that f is linear on t{1^). Then 

MI(a,/5|/o(7,/oT)=Ml(/*(a),/*(/3)|c7,T). 



Proof. Immediate from Lemma 4.3.7 



D 



The next proposition says that "in the tiny scale the 2-dimensional MI is 
abelian". 

Proposition 4.5.4. There are constant ^2' ('^z f^) (md c-^i (a, /5) with the following proper- 
ties: 

(i) C2/(a,,6) > C2(a,,6) anrf < e^{oi,f>) < e2{oc,^). 



60 



AMNON YEKUTIELI 



(ii) Suppose {o;t) is a square kite in {X,xq) such that side(T) < e2i{oc,[i) and 
len(cr) < 4 ■ diam(X). Let g := MI(a \a) eG. Then 



|logH(MI(a,/5|(7,T))-T^(g) 



< C2/(a,/3) ■ side(T)'^ 



Actually with more effort we can get a better estimate (order of side(T)'^) in 
property (ii) above. 

Proof. This is very similar to Proposition |3 .5 .iT Take 

e2'{oc,^) := mm{£2{oi,^), £5{a,Yi-,)) , 

where e5(a, Yf,) is the constant from Proposition 3.5.13 Let's write e := side(T) 
and Z := t(I^). Assume that e < e2'{oc,fi). 
Take A: > 0. For f e {1, . . . ,#} let 

{(7i,T,) ■- {a,T) o {af,Tf) = ies){cr,T). 

Write Z, := t,(I^) and z,- := Ti{w), where w := {\,\) £ I^ as usual. The sets 



4.4.12 



good (t. A:) and bad(T, A:) were defined in Definition 
Define 

gQ := MI(a I T o cTpr) e G, 

g\ :=MI(a| (TO£7-f)*(TOTf OtT-pr)) 

and 

A,- := logH(RPo(a,^ I t^,-,T,)) e f) 

for i G {1, . . . ,4 }. From Definition [433 and Proposition 

(4.5.5) ||A,||<(i)'^-e2-||T„(g.g0l|-|l/5|lsob< 

where we let 

c :=exp(c4(a,^) ■ 6diam(X))-||,6||sob 
According to property (ii) of Theorem |2 . 1 . 2 1 we have 



3.5.10 



l\k 



we know that 



c, 



(4.5.6) 



log„(RP,(«,/5|t7,T))-^J^jA,|| 
<^o(H)-(EtjA,||)'<co(H) 



■l\lk 



For i E good (t, A) let j6/ be the coefficient of /5|z.. Define 



■l\k 



Hi ■■-- 



f-e^-^^{g){U^,)) iff is good. 



otherwise 



and 



RS)t(a,j6|cr,T) := ^ //,-. 
1=1 
Now let us compare jii to A,-. If i is a bad index, then 



l^^c 



|lFi-A/|| = ||A,-||<(|) 
by l |4.5.5| . On the other hand, if i is a good index then 

the operators Y(,(g) and ^i){g ) have known bounds 



3.5.10 



By Proposition 

(since the length of the string u is bounded by 4 ■ diam(X)). Hence there is a 
bound for the conjugation operator Ad(Yf,(^)) on End(f)). And by Proposition 
there is an estimate for the norm of the operator Yf, [g^ ■ gj ) — 1, w^here 1 



3.5.13 



NONABELIAN MULTIPLICATIVE INTEGRATION 61 

denotes the identity operator of f). Since Ad(Y(, (g)) fixes 1, we can conclude that 
there is a constant c' (independent of of {a, t) or k) such that 

||Y,(g-g^-gri-g-i)-l|| = ||Ad(Yf,(^))(T„(^^.^;-i)-l)||<c'-e. 

Hence using ( 4.5.5| we get 

\\H,-\i\\<c'-c-{lf-e'. 

Summing over all i w^e see that 

II V^4* , v-4''- II ^ V" II ,11 

(=1 



l^*:_.3 , lu.^^^ ;.M . ^l^fc 



< |g00d(T,fc)| -C'-C- (lY ■ £3 + |bad(T,ic)| ■ ( 



£ ■ C 



Here uq := aQ{oi,^,Z) and «! := fli(a,/5,Z) are the constants from Lemma 4.4.13 

Combrnrng this estimate with 14.5.6 1 w^e obtain 

(4.5.7) 

II log^(RP^(a,^ I a,T)) - RSfc(a,^ I a,T) \\ 

< co(H) .{l)^'^.£^.c^+A'-c'-c-il)'^-e^ + {ao + a^-2'')-{l)''-e^-c. 

Finally, by properties of the usual Riemann integration we have 



limRS,,(a,/5|c7,T)=Yf,(g) 
Hence in the limit k ^> co we get 

II log^(MI(«,/3 1 c7,t)) - Yh(g)(|^/5) II < c' ■ c ■ e3, 

and we can take C2' (a, /5) := c' ■ c. D 

4.6. Transfer of Twisting Setups. Suppose H is another Lie group, with Lie al- 
gebra t}'. The vector space of R-linear maps f) ^- t]' is denoted by Hom(fi, [)'). 
Consider the C?pws(X)-module Opws(X) ® Hom(f), f)'). An element 

<^eOpws(X)0HomR((),(]') 

is called a piecewise smooth family of linear maps from [) to t)'. Indeed, we may view 
(p as a piecewise smooth map 

For any point x E X there is a linear map cp{x) : f) ^- f)'. 

Definition 4.6.1. Suppose C = (G,H,Y,,) and C = (G',H',Y'(^,) are two twisting 
setups. A transfer of twisting setups from C to C', parameterized by {X,xq), is the 
data 

0x = (0G,0H,0f,,x), 
consisting of: 

(1) Maps of Lie groups Qq ■ G -^ G' and©H ■ H -^ H'. 

(2) An element 0(,,x e Cpws(X) «) Hom(f), ()')■ 
The following condition is required: 

(*) The equality 

Lie(0H) = 0f,,x(^o) 
holds in Hom([), f)'). 
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We denote this transfer by 0x : C ^- C'. 

Note that for x 7^ xq the linear map ip{x) : f) ^ f)' might fail to be a Lie algebra 
homomorphism. 

Defin ition 4.6.2. Let ©x : C ^- C' be a transfer of twisting setups as in Definition 
4.6.1 and let a e Cip^^lX) g. We say that a is a connection compatible with &x if 
the following condition, called the holonomy condition, holds. 

(0) Let crhe a string in X, with xq = cr{vo) and Xi := cr{vi). Define 

g:=Ml{c(\a) e G 
and g' := ©cig) G G'. Then the diagram 




is commutative. 

Remark 4.6.3. The holonomy condition for a can be stated as a differential equa- 
tion. We shall not need this equation in our treatment. 

Consider a transfer of twisting setups ©x as above. The family of linear maps 
0fi X induces, by tensoring, a homomorphism of graded npws(X)-modules 

(4.6.4) 0^,x : npws(X) ® f) ^ npws(X) ® ()'. 

Warning: usually 0f,,x does not commute with the de Rham operator d. 

Proposition 4.6.5 (Functoriality in C). Let &x ■ C ^- C be a transfer of twisting 
setups, let oc G np^g(X) ® q, and let /S e np^g(X) ® f). Assume that a is a connection 
compatible with ©x- W^e write 

a':=Lie(0G)(a)en^^3(X)®0' 

and 

/5':=0^,x(/3)en2^,(X)0()'. 

Then for every kite [a, r) in (X, xg) one has 

0H(MI(a,^|tr,T)) = MI (a', ,6' I (7, t) 
in H'. 

Proof. Consider a kite (u', t') in (I^,z;o) and a piecewise linear map / like in 
Proposition 4.L6 By Proposition 4.5.3| we have 

MI(a,^ I a,T) = Ml(/*(a),/*(^) | a',T'). 

On the other hand (0G/0H//*(0fi,x)) is a transfer of twisting setups 
parameterized by (I^,co)/ and by Proposition 



4.5.3 



we have 

Ml{ci',fi'\cr,T)=Ml{f*{c,'),f*{[i')\cr',T') 

= Mi(Lie(0i)(r(«)),r(0^,x)(r(/5))k',T'). 

Therefore we can assume that (X, xq) = (I , cq) and len(cr) < 1. Using Proposi- 



tion 



4.5.1 we can further assume that {cr, t) is (a, /5)-tiny and {oc' , /5')-tiny. 
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Define 
and 



gi ■- MI(a I (7i * (t; O CTpr)) £ G 

g;:=MI(a'|£r,-*(T;o^p,)) e G'. 



By Proposition 3.5.9 we have g'l = QciSi)- ^l^o define Z,- :— t,(I^) and z,- 



^■,■(2/ 2J- 



Suppose that f G good(T, A:), with notation as in Definition 4.4.12 Then there 



we 



is a function ^, e 0{Zi) 1), called the coefficient of /5|z., satisfying 

^Iz, =ft-dtiAdf2. 
The function 

is then the coefficient of j6'|z . Note that 

in f)'. By condition (*) of Definition 4.6.1 and condition (0) of Definition 4.6.2 
have 

= Lie(0H)(Yf,(g,)(^,(zO))- 
By definition we have 

RPoK/5|^„T,)=expH((i)«^-area(T)-Yh(g,)(ft(z/))) 
and 

RPo(«',/3' |c7,,T,-) = expH,((|)*^ ■area(T) ■ Y^(g;)(^;(zO)). 
Since 

exp^, o Lie(0H) = &h ° e^Ph 
w^e conclude that 

(4.6.6) RPo(a',^' I c7,,tO = 0H(RPo(a,^ | ct^t,)). 

Like in Lemma 4.4.13 we can find a bound for |bad(T, A:) |, and like in the proof 
of Lemma [4.4. 14l vye can estimate 

II logH,(0H(RPo(a,/5 1 <7i,Ti))) - logH,(RPo(a',/5' | ^„t,)) || 

when i G bad(T, fc). From these estimates and from ( |4.6.6| we conclude that there 
is a constant c, independent of k, such that 

||log„,(0„(RP,(«,/5|^,T)))-logH,(RP,(a',/5'|(7,T))|| <c-{l)K 

In the limit A: ^- 00 we see that 

0H(MI(a,^ I c7,t)) = MI(a',^' I cr,T). 

D 
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5. Quasi Crossed Modules and Additive Feedback 
The full strength of multiplicative integration requires a more elaborate setup 



than the twisting setup of Definition|4.3.1 



5.1. Quasi Crossed Modules. Let (Y,i/o) be a pointed analytic manifold. By 
automorphism of pointed analytic manifolds we mean an analytic diffeomorphism 
f : Y ^>- Y such that /(i/o) = Vo- We denote by Aut(Y,i/o) the group of all such 
automorphisms . 

Let G be a Lie group. An analytic action of G on (Y, i/o) by automorphisms 
of pointed manifolds is an analytic map ^ : G x Y ^> Y having the following 
properties. First, for any g E G the map Y(g) : Y ^>- Y, T(^)(i/) := T(g,i/), is 
an automorphism of pointed analytic manifolds. Second, the function Y : G ^ 
Aut(y,i/o)/ g '-^ ^{g)' is a group homomorphism. 

Given an analytic action of G on (Y, i/g), and an element g E G, the differential 

dyo(Yfe)):T,„Y^Ty„Y 

is an ]R-lrnear automorphism of the tangent space Ty^ Y. In this way we get a map 
of Lie groups G -^ GL(TyQ Y), which we call the linear action induced by Y. 

Let H be a Lie group, with unit element 1. We view it as a pointed analytic 
manifold (H,l). 

Definition 5.1.1. A Lie quasi crossed module is the data 

C = (G,H,Y,cDo) 
consisting of: 

(1) Lie groups G and H. 

(2) An analytic action Y of G on H by automorphisms of pointed manifolds, 
called the multiplicative twisting. 

(3) A map of Lie groups <i>Q : H ^ G, called the multiplicative feedback. 
The condition is: 

(*) Consider T as a group homomorphism Y : G ^- Aut(H, 1). Then there is 
equality 

Y o Og = AdH 

as group homomorphisms H -^ Aut(H, 1). 

Remark 5.1.2. Let (G, H,Y, Oq) be a Lie quasi crossed module. Suppose Gq is a 
closed Lie subgroup of G such that the following hold: 'i'o{H) c Gq; Y(g) is a 
group automorphism of H for any g E Gq; and (i>o : H ^> Gq is Gfl-equivariant 
(relative to Y and Adgg). Then (Gq, H,Y,Oo) is called a Lie crossed module. See 
IIBM1IBS 1. In this situation condition (*) is called the Pfeiffer condition in the litera- 
ture. 

Note that w^e can alw^ays find such a subgroup Gq: just take Gq to be the closure 
of Oo(W) ir* G. An easy calculation shows that this subgroup has the required 
properties. 

Here are three of examples of Lie quasi crossed modules. 

Example 5.1.3. Suppose 

1 ^N^H^G^ 1 

is a central extension of Lie groups. Since Adnih) is trivial for h E N, the action 
AdH induces an action of G on H, which we denote by Y. We get a Lie crossed 
module (G,H,Y, (Do). 
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Example 5.1.4. A very special case of Example 5.1.3 is when H = G and <S>o = idc. 
Namely 

(G,H,Y,cDo) = (G,G,AdG,idG). 
This is the sihiation dealt with in the classical w^ork of Schlesinger. 

Example 5.1.5. Let H be a unipotent Lie group, namely H is nilpotent and simply 
connected, and let f) := Lie(H). The map exp^ : () — > H is then an analytic 
diffeomorphism. Take G := GL(f}). The canonical action of G on (] becomes, via 
exp^, and action of G on H by automorphisms of pointed manifolds, which we 
denote by Y. The adjoint action Adj^ of H on f) is a map of Lie groups (^q : H ^ G. 
Then (G, H, Y, Oq) is a Lie quasi crossed module. 

Next let Go C G be the group of Lie algebra automorphisms of f). Then 
(Go, H,Y, Oq) is a Lie crossed module. 

5.2. Additive Feedback and Compatible Connections. Let (G, H, Y, Oo) be a Lie 
quasi crossed module. We write g := Lie(G) and f) := Lie(H). Recall that the 
Lie algebra t) is the tangent space to H at the element 1. Hence the multiplicative 
twisting Y induces a linear action 

Y^:G^GL(f)). 

We see that from the Lie quasi crossed module (G, H, Y, Oq) we obtain a twisting 
setup (G, H, Y[, ). As in Sectionlil we call Yj, the additive twisting. 

Recall that Hom([},g) is the space of IR-linear maps f) ^- g, and an element 

(pe Cp„s(X)®Hom]R([),g) 

is called a piecewise smooth family of linear maps from t) to g. 

Definition 5.2.1. Let (G,H, Y,Oo) be a Lie quasi crossed module, and let (X, xq) 
be a pointed polyhedron. An additive feedback for (G, H,Y, Oq) o^^^" (X^o) is an 
element 

'^xe Cpws(X)0Hom([),g) 
satisfying this condition: 
(**) There is equality 

Lie(cDo) = *x(^o) 
rnHom([),g). 

Definition 5.2.2. Let (X,xo) be a pointed polyhedron. A Lie quasi crossed module 
with additive feedback over {X,xq) is the data 

C/X = (G,H,Y,cI)o,cl>x) 
consisting of: 

• A Lie quasi crossed module C = (G, H,Y, Oq). 

• An additive feedback Ox for C over (X, xq)- 

When we talk about a Lie quasi crossed module with additive feedback C/X, 



by default w^e use the notation of Definitions 5.2.1 and 5.2.2 and w^e write g : = 
Lie(G) and () := Lie(H). 

Let C/X be a Lie quasi crossed module with additive feedback over (X, xq)- 
Given a piecewise linear map / : (Y,i/o) ~^ (X, xo) between pointed polyhedra, 
consider 

/*(cDx) e Opws(Y)®HomR([),g). 
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Then 

(5.2.3) r(C/X) := (G,H,Y,cl>o,/*(cl>x)) 

is a Lie quasi crossed module with additive feedback over (Y, i/o)- 

Definition 5.2.4. Let C/X be a Lie quasi crossed module with additive feedback 
over (X, xq)- A connection compatible with C/X is a differential form 

« e npws(X)®0 
satisfying the holonomy condition: 

(0) Let cr be a string in X, with xq = o-{vo) and xi := cr{vi). Define 

g:=Ml{cc\a) e G. 



Then the diagram 



i)i f) 




I'xCa^o) 



is commutative. 
It could happen that C/X does not admit any compatible connection. 



Example 5.2.5. Suppose (G, H, Y, Oq) is a Lie crossed module (see Remark 5.L2 
and (X, Xq) is a pointed polyhedron. Define <S>x := Lie(<I>o); this is a G-equi- 
variant Lie algebra map i) ^ 9, which we view as a constant element of 
Opws (X^) <55 Hom(f), g) . In this way we obtain a Lie quasi crossed module with ad- 
ditive feedback C/X := (G, H, T, Oq/ 'I'x) over (X, xq). Since Ox is G-equivariant, 
it follows that any a e np^g(X) (g) g is a connection compatible with C/X. 

An example of an additive feedback, and of a compatible connection, is given 
in Subsection l5.5l 

To a Lie quasi crossed module with additive feedback C/X there are two nat- 
urally associated twisting setups, namely (G,H, Y|^) and (G, G, Adg). 

Proposition 5.2.6. Let 

C/X = (G,H,T,cl>o,cl>x) 
be a Lie quasi crossed module with additive feedback over (X, xq). Then: 
(1) The data ©x '■= {^^Gr^o>^x) 's « transfer of twisting setups 
(G,H,Tf,)^(G,G, Adg) 



4.6.1 



parameterized by (X,xo), in the sense of Definition 
(2) A form a. G np^g(X) ® ^is a connection compatible with C/X if and only if it 



is a connection compatible with ©X/ 'w the sense of Definition 4.6.2 



Proof. Immediate from the definitions. D 

Proposition 5.2.7. Let C/X be a Lie quasi crossed module with linear feedback over 
(X,xo), and let a be a compatible connection for C/X. Suppose f : (Y,i/o) -^ (X,xo) is 
a piecewise linear map between pointed polyhedra. Then f* (a) is a compatible connection 
for f* {C/X). 
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Proof. Take a string a inY with cr{vQ) = yo, and let yi := (Jivi). Then / o cr is a 
string in X. According to Proposition 3.5.9|we have 



Ul{a\focr) =MI(/*(a)|tr). 
Let's call this element g. Let xj := /(i/i). Then 

<i>x(xO = r(*x)(y/) 

as homomorphisms t) ^> g, for f = 0, 1. We see that the holonomy condition is 
satisfied for /* (a), relative to /* (C/X). D 

Definition 5.2.8. Suppose 

C/X = (G,H,T,cl>o,ci>x) 

and 

C7X = (G',H',r,ci>^,ci>'^) 

are two Lie quasi crossed modules with additive feedbacks over (X, xq). A transfer 
betw^een them is a transfer of twisting setups 

Gx = {@G,&H,&t,,x) ■■ {G,H,Yi,) -^ (G',H',y;,) 



parameterized by (X, xq), in the sense of Definition 4.6.1 satisfying this condition: 

*x°0f),x = Lie(0G)o*x 

inOp„s(X)0Hom((),0')- 

5.3. Connection-Curvature Pairs. 

Definition 5.3.1. Let C/X = {G,H,'W,^o,^x) be a Lie quasi crossed module 
with additive feedback over a pointed polyhedron (X, xq); see Definition 5.2.2 A 
connection-curvature pair for C/X is a pair (a, j6), consisting of Lie algebra valued 
differential forms 

'^ e ^pws(X)®0 
and 

^en2^,(x)0[), 

satisfying the conditions below. 

(i) a is a connection compatible with C/X (Definition 5.2.4| . 
(ii) The equation 

4)x(^)=d(a) + i[a,a] 

holds in np^s(X) ® q. 

Remark 5.3.2. Condition (ii) above is often referred to as vanishing of the fake 
curvature. See llBMllBSi . 

Proposition 5.3.3. Let C/X be a Lie quasi crossed module with additive feedback over 
(X,xo)/ iind let (a, /3) be a connection-curvature pair for C/X. 

(1) Let f : (y,i/o) ~^ (X,^o) be a piecewise linear map between pointed polyhedra. 
Then {f*{oc),f*{fi)) is a connection-curvature pair in f* (C/X). 

(2) Let C'/X be another Lie quasi crossed module with additive feedback over 
(X,xo)/ iind let 

Ox = (0G,0H,0h,x) : C/X ^ C7X 
be a morphism of Lie quasi crossed module with additive feedback. Assume that 
a is compatible with 0(,,x- See Definitions |5.2.8|flnd 4.6.2 Then 

(Lie(0G)(«),0„,x(/5)) 
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is a connection-curvature pair for C' /X. 



Proof. (1) By Proposition 5.2.7 the form a' := f*{oi) is a connection compatible 
with/*(C/X). Next let us write ,6' := f*{^) and O^ := /*(Ox)- • Since 

f*:nl^^{x)®Q^nl^^{Y)®Q 

is a DG Lie algebra homomorphism, we have 

*x(/5') =r (*x(/5)) = r (d(^) + i [«,«]) = dK) + iK,^']. 

(2) The fact that oc is compatible with 0f,,X/ and that 0x satisfies the condition 
(0) in Definition 4.6.2 imply directly that oc' := \Ae{&Q){(x.) is a connection com- 
patible with C'/X. 

Let ^':=0f,,x(/5). Then 

<I>^(/3') = Lie(0G)(Ox(/5)) = Lie(0G)(d(a) + \[a,^]) = d(a') + 1^,^']. 



We see that condition (ii) of Definition 5.3.1 holds. D 

Definition 5.3.4 (Tame Connection). Let C/X be a Lie quasi crossed module with 
additive feedback over {X,xq). Aforma e Cii^^{X) ® q is caWed a tame connection 
for C/X if there exists a form f> G Ci'i^^iX) \) such that (a, /5) is a connection- 
curvature pair (as in Definition 5.3.1|. 



tion 



In other w^ords, a is a tame connection if it is a compatible connection (Defini- 

5.2.4 1, and its curvature d(a) + ^ [ix-, ot] comes from np„g(X) ® \). 



Corollary 5.3.5. In the situation of Proposition 5.3.3 the forms f*{ci) and Lie(0G)(a) 
are tame connections. 

The proof is trivial. 

5.4. Moving the Base Point. In this subsection we consider the following setup: 

C/X = (G,H,Y,cDo,cl>x) 

is a Lie quasi crossed module with additive feedback over a pointed polyhedron 
(X,Xo)- We are given a form a e ^p^vs(X) ® g, which is a connection compatible 
with C/X. And w^e are given a string p in X, with initial point p{vq) = xq and 
terminal point xj := p{vi). Let 

g:=Ml{(x\p) e G. 

Recall that T(g) is an automorphism of the pointed analytic manifold (H, 1). 
We define a new multiplication on the manifold H, by the formula 

hi-n2:=^{gr'{^{g)ih,)-Y{g){h2)) 

for hi, /i2 G H. In this w^ay w^e obtain a new Lie group, that is denoted by HS, and 
a Lie group isomorphism 



See Figure 23 



The Lie algebra of HS is f)^. So f)^ = t) as vector spaces (this is the tangent 
space to H at 1), and 

^^{g):¥^h 
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Figure 23. The string p from xq to xi, the group element g 
MI (a \p) e G, and the group isomorphism T(g) : H^ — > H. 



is a Lie algebra isomorphism. There is a commutative diagram of maps 



(5.4.1) 



expH 




exPH^ 



Note that if T(g) is not a group automorphism of H, then H^? is not equal to H 
as groups. In this case the maps of manifolds 



exp^, exp^j; : f) ^ H 



could be distinct. 



The data (G, H^?, Yf,) is a twisting setup (as in Definition 4.3.1 1, which in gen- 



eral is distinct from the twisting setup (G, H, Yj, ), because of the possibly distinct 
exponential maps. Given a form j6 G Dly^^lX) i) and a kite (c^, t) in (X, xj), let 
us denote by 



(5.4.2) 



MlS{a,^\a,T) eHS 



the multiplicative integral with respect to the twisting setup (G, H^?, Y|,). 
We define a map of Lie groups Oq : H^ ^> G by the commutative diagram 



Proposition 5.4.3. The data 




CS:=(G,HS,W,^^,) 



is a Lie quasi crossed module. 



Proof. Let's write H' := H8, G' := G, u := Addg) : G' ^ G, v := W{g) : 
H' ^> H, Y' := T and Oq := Og. There are commutative diagrams of group 



70 



AMNON YEKUTIELI 



homomorphisms 

(5.4.4) 



H^ 



H' 



Gf- 



o^ 



G^ 



G' 



Aut(H) 4 



Ad(c) 



— G' 

Aut(H') 



Here Aut(H) = Aut(H') is the group of automorphisms of the pointed manifold 
H = H', and v is seen as an element of this group. The first diagram is just the 
definition of Oq. The second diagram is commutative since for every g' E G' we 
have 

= vW{g')-v-' = {Ad{v)or)ig'). 
And by general group theory we have a commutative diagram 



(5.4.5) 



AdH 

Aut(H) 4- 



H' 



Ad(w) 



Ad, 



AutfH') 



We are given that Y o Og = Adn (this is condition (*) of Definition 5.1.1 for 
the Lie quasi crossed module C). Therefore by combining the three commutative 
diagrams we see that T' o O^ = Ad^/ D 

Proposition 5.4.6. The element Ox ^s an additive feedback for the Lie quasi crossed 
module C^ over the pointed polyhedron {X,x{). Thus 

OVX:= (G,H'?, Y,cD'^,cDx) 

is a Lie quasi crossed module with additive feedback over (X, xi). 

Proof. In the notation used in the proof of the previous proposition, and with 
O^ := Ox/ we have to show that ^^(xi) = Lie(Og), as linear maps i)' — > g'. We 
have commutative diagrams of linear maps 

Lie(o) 



Lie(cl>| 




^^{g) 



Lie(l'o) 



l'x(^o) 




<I'x{-^i) 



The first diagram is the differential of the first diagram in | 5.4.4| , and the second 
diagram is the holonomy condition for a relative to C/X. Since Ox is an additive 
feedback for C over (X,xo) we have Ox(xo) = Lie(Oo)- We know that ^\){g) = 
Ue{v) and Adg(^) = Lie(M). It follows that ^'^(xi) = Ox(^i) = Lie(0[|). D 

Proposition 5.4.7. The form a. is a connection compatible with 0?/X. 

Proof. We continue with the notation of the previous proofs. Let a he a string 
in X initial point (j(co) = ^1 and terminal point X2 := ^{vi). Define g' : = 
MI(a \cr) E G' = G. Because a is a connection compatible with C/X, and because 
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g ■ g' = MI(a I p * cr), we have a commutative diagram 
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f) >^< f) 



<I>x(^i) 



<5x(^o) 



Ox {^2) 



-)■ f- 



Since 



and 



Ad„(g) Ad,(g-g') 

AdgU)-ioAdg(^-/)=Adg(/) 



we see that the diagram 



KAs') 



<i'i(^i) 




*i(^2) 



is commutative. 
Theorem 5.4.8. Let 



U 



C/X = (G,H, Y,cDo,cl>^ 



fee a Lie quasi crossed module with additive feedback over a pointed polyhedron (X, xg)/ 
let a e np^yg(X) ® Qbe a connection compatible with C/X, anrf /ef p te a string in X, 
with initial point p{vq) = xq. Define g := MI(a | p), and let 

cs/x = {G,m,^,^l^x) 



be the Lie quasi crossed module with additive feedback over (X, xi) constructed above. 
■'pwsv 

MF(a,^|cr,T) e m 



Given a form /5 e Cipy^^lX) (3 f) and a kite (cr, x) fn (X,xi), consider the element 



from (5.4.21. Then 



inH. 



'¥{g){MlS{a,p\cT,T)) =Ml{a,p\p*a,T) 



See Figure 24 



Proof. We can assume that the kite (c^, t) is nondegenerate. Define Z := t(I^) 
and g' := MF(a | cr). Choose a positively oriented orthonormal linear coordinate 
system (si,S2) on Z. 

Take A: > and ; e {1, . . . ,4*^}, and define z/ := (t o xf )(i, 3) e Z and 

g;. :=MI((a|(xoc7f)*(xoxfo^p,)). 

So 

Ml(a I p * cr * (x o cr^) * (x o xf o tTpj.)) = g ■ g' ■ g'. 
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Figure 24. The string p from xq to xj, and the kite {cr, r) in (X,xi). 



Assume that z,- is a smooth point of fi\z- Let Y, be a triangle in Z, and let 
^i e OC^i) ® t), such that z e Int Y,- and j6|y,. = ^t ■ dsi A ds2. According to 
Definition 4.3.3 and the commutative diagram | 5.4.1| we have 

RPoK/5|(p*c7,T)o(^f,Tf))=expH((|)'^.area(Z).Y^(g.g'.gO(ft(z/))) 

= (Y(g) oexp^,)((l)'^ . area(Z) ■ Y„(/ ■ ^0(^<(z.))) 

= Y(g)(RPg(«,/3|(^,T)o(^f,Tf))). 
On the other hand, if Z/ is a singular point of j6|z then 

RPo(r.,/5|(p*^,T)o(^f,Tf))=l=Y(^)(RPg(«,/5|(^,T)o(^f,Tf))). 

We see that 

RPfc(a, /3 1 p * ^, t) = Y(^) (RPf (a, /3 1 C7, t)) 

for every fc. Passing to the limit k ^ oo finishes the proof. D 

5.5. Quantum Type DG Lie Algebras. We end this section with an explanation 
of how Lie quasi crossed modules arise from deformation theory. This explana- 
tion will be concise and simplified, and only meant to give a taste of the ideas. 
For a full treatment see ||Ye2[ Section 7] or ||Ye3| . None of the statements in this 
subsection is needed elsewhere in the present paper, so it can be ignored alto- 
gether. 

A differential graded (DG) Lie algebra is a graded IR-module f = 0/ez f 
equipped with a graded Lie bracket [— , — ] and a differential d (of degree 1) 
that satisfy the graded Leibniz rule. For instance, if X is a manifold and g is a Lie 
algebra, then f := n(X) g is a DG Lie algebra. We say that f is a quantum type 
DG Lie algebra if f = for all i < -1; i.e. f = ©/>_i f . 

Let us fix a quantum tj'pe DG Lie algebra f, and assume that f is nilpotent 
and finite dimensional. By nilpotent w^e mean in the usual sense, namely that 
the lower central series of f is zero after finitely many steps. (The assumptions 
of finiteness and nilpotence are for the sake of presentation; in actual situations f 
will be infinite dimensional pronilpotent.) 

The Lie bracket [— , — ] of f makes the vector space g := f*^ into a nilpotent Lie 
algebra. We denote by G = exp(g) the corresponding unipotent group. In order 
to be concrete, w^e take G to be the analytic manifold g, made into a Lie group 
by the CBH formula (cf. Section l2}; in particular 1q := Og. The exponential map 
expQ : g ^- G is just the identity map here. 



NONABELIAN MULTIPLICATIVE INTEGRATION 73 

The Lie algebra g acts on the vector space f (any /) by the adjoint action ad, 
namely 

adW(/5):=[a,/5] 

for oi E Q and f> & f. Clearly ad (a) is R-linear. There is a second action of g on f , 
which we call the affine action, and it is 

afW(/5):=dW-[<.,/5] 

for /3 G f^. The action af is usually not linear - it is an action by affine transfor- 
mations. Both these actions integrate (or rather exponentiate) to actions Ad and 
Af of the group G on the vector spaces f and f- respectively. 

An element a; G f^ is called an MC element if it satisfies the Maurer-Cartan 
equation 

d(a;) + \[co,Lo] = 0. 

We denote by MC(f) the set of all MC elements. It turns out that the action Af 
of G on f^ preserves the subset MC(f). Namely if a; e MC(f) and g e G, then 
cv' ■- M{g){co) is also in MC(f). 

Let us write h := f^^. Say an MC element co is given. Define an R-linear map 
do; : f) ^- by the formula 

(5.5.1) da;(/5):=d(/3) + [a;,/5] 

for /5 £ f). And define an R-bilinear operation [— , — ]a; on [) by the formula 

(5.5.2) [h,h]co-=[du,{h),h\- 

An elementary calculation shows that the vector space f) is a nilpotent Lie algebra 
with respect to the bracket [— , — Jo;, and we denote this Lie algebra by ^co- A 
similar calculation shows that d^, : \)aj ^^ q \s a Lie algebra map. Let us define 
Hco '■= exp(f)a;), the corresponding unipotent group, with multiplication hi -co ^2 
and inverse h^ " , for h^ G Hoj. So as analytic manifolds we have Ho, = f)a; = f)/ 
and exp^ : f)^^; ^> Hw is the identity map. There is a Lie group map exp(d^) : 
Hco -^ G. It is easy to see from |5.5.2| that for elements hi, h2 G Hco one has 



Ad{exp{dco){hi)){h2) = AdH,Ahi){h2) = h -cohi -coh^ ^'^ 

Suppose we are given co e MC(f) and g G G. Define co' := Af{g){co). A more 
difficult calculation shows that there is a commutative diagram of Lie algebra 
maps 




See IIGel Subsection 2.1]. Hence there is also a commutative diagram of Lie group 
maps 



exp(Ad(g)) 
Hco > ticoi 



exp{d^ 



exp(d„0 



exp(Ad(g)) 

>G 



Observe that if [— , —]a, 7^ [— , —]coi as Lie brackets, then f)^; 7^ ^co' as Lie algebras, 
Hco 7^ H^j' as Lie groups, and Y(g) := exp(Ad(g)) is not a Lie group automor- 
phism of Hco', it is only an automorphism of pointed analytic manifolds. At least 



74 AMNON YEKUTIELI 

we obtain in this way an action Y of G on H^, by automorphisms of pointed 
analytic manifolds. 

Take an MC element oj, and define the map of Lie groups 

Oo; :=exp(d,^) -.Hco^G. 

What we have said so far implies that the data 

(5.5.3) C^:= (G,H^, Y,cD^,) 

is a Lie quasi crossed module. 

By a much more complicated process, starting from a cosimplicial nilpotent quan- 
tum type DG Lie algebra f, it is possible (and in fact needed in our application in 
l|Ye21 |Ye3l ) to obtain an additive feedback Ox for C^;, where (X, xq) is some 
pointed polyhedron; and a connection-curvature pair (a, /5) for 

This can't be explained in derail here; w^e will only mention highlights. From the 
cosimplicial object f one constructs its Thom-Sullivan normalization N f, which is 
a nilpotent quantum type DG Lie algebra, involving algebraic differential forms 
on all the simplices A^, p > 0. Suppose co is an MC element of Nf. This element 
(I) has infinitely many components: to = {coP''^}, w^here 



■TiP'l 



CO 



en'?(AP)®f'i-'?, peN, ^e {0,1,2}. 



We look at three of these components: 

co:=cd^'° eO{A^)®f'\ 



and 



a:=a;2,i ^ j-ji(^2^ ^ ^2,0 



I3:=cd^'^ en^{A^)(E}f~'^. 



Let us write j^'" := 0/>-i f^'', which is a nilpotent quantum type DG Lie 
algebra. As above w^e write g := f''^ and () := j'^'~^; so with this notation 

a e n^(A2)(g)0 

and 

,6 e n2(A2) ® (). 

The element co{vq) g f-'^ turns out to be an MC element of the DG Lie algebra 
f''', so w^e have a Lie quasi crossed module 

^co{vo) '■= (G,H,^(i,(,),Y,cl)^(j,g)) 

like in (5331. Let us define 

cl>^2:=d^eC(A2)®Hom(f),0); 



see 15.5.1 >. Then <S>^2 is an additive feedback for C^^,(j,g) over the pointed polyhe- 
dron (A^, Co)/ ^rid (a, /5) is a connection-curvature pair for C^(j;^/A . Further- 
more the 3-curvature 

d(/5)+Yf,(a)(/5)en3(A2)0[, 

vanishes. 

Consider the multiplicative integral 

fl:=MI(a,/3|A2)eH^(,^). 

The element a is a combinatorial 2-cochain (i.e. it is a degree 2 element in a 
cosimplicial group). Since the 3-curvature is 0, the 3-dimensional Nonabelian 
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Stokes Theorem (Theorem 9.3.5 1, together with Theorem 5.4.8 tells us that a is 
in fact a twisted 2-cocycle. This implies that the MC element co gives rise to a 
combinatorial gerbe. 
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6. Stokes Theorem in Dimension 2 



The purpose of this section is to prove Theorem 6.2.1 When H = G (see 



Example 6.2.71 this is just a fancy version of Schlesinger 's theorem. 



Let (X, xo) be a pointed polyhedron. Recall the notions of Lie quasi crossed 
module with additive feedback 



(6.0.1) 



C/X = (G,H,Y,cl>o,ci>x) 



over (X, Xg), connection-curvature pair (a, j6), and multiplicative integral 
MI(a, /3 I a, t); see Definitions 5.2.2 5.3.1 and |4.4.16| respectively. 



6.1. Some Estimates. In this subsection we assume that (X,xo) = (I^/^o)- We fix 
a Lie quasi crossed module with additive feedback C/X over (I'^, i^g), in which 
G = H, as in Example 5.1.4 We also fix a connection-curvature pair (a, j6) for 



C/X. Note that the equality 
(6.1.1) /5 



d(a) 



2 [a, a] 



holds in np^g(I-^) ® g. As in Section Irwe choose a euclidean norm || — ||g on the 
vector space g; an open neighborhood Vo{G) of 1 in G on which log^ is w^ell- 
defined; a convergence radius eo{G); and a commutativity constant co(G). 
In Proposition 4.5.4 we established certain constants Cji {a, j6) and £2' l*^/ f^)- 



Lemma 6.1.2. There are constants C3(a, j6) and £3 (a, /5) with these properties: 

(1) C3(a,^) >C2'{cc,^)andO<e3{ci,^) < e2'(a,|6)- 

(2) Suppose (cr, t) is a square kite in (I^, cq) such that side(T) < £3(0;, /5) and 
\en(cr) < 5. Then 



MI(«,/3|(7,t), MI(a|3(c7,T)) e Vo{G) 



and 



logG(MI(a,^|c7,T))||, ||logG(MI(a|8(c7,T)))|| < C3(a,^) • side(T)2 



Proof. For MI (a, /5 1 cr, t) w^e can use the estimate from Proposition 4.5.2 



For the boundary we have to do some w^ork. Let's write e := side(T), and 
suppose that e < ^ei(a), where ei(a) is the constant from Definition 3.3.16 
Consider the closed string 3t of length 4e. Write gi := MI (a | 9t) e G. According 
to Proposition 3.5.11 we know that gi e Vq{G), and 



||logc(gi)- / a\\<co{G)-c,{ixy-{Aey. 
By the abelian Stokes Theorem (Theorem 1.7.3[ w^e have 

Now 

II J d(a) II < area(T) ■ ||a||sob = e^ ■ Ik||sob ■ 
We conclude that 



||logG(^i)|| < (co(G)-ci(a)2.16+||al|sob) ■ e^ ■ 

Next let g2 := MI(a \cr) E G. Consider the reepresentation Adg 
By Proposition 3.5.10 the norm of the operator Adg(g2) satisfies 



GL(g). 



||Adg(g2)|| < exp(c4(a,Adg) -5) . 
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Figure 25. Computing RPo(a; | 3t) for a tiny square kite (c^, t) in (1^,1^0 ) 



Finally we look at g := MI(a | 3((7', t)). By definition 

g^gi-gx-gi" = AdG(g2)(gl)- 
The logarithm is 

logGfe)=Adg(g2)(logG(gl)). 

By combining the estimates above we get 

lllogcfe)!! < exp(c4(a,Adg) -5) ■ (co(G) ■ci(a)2-16+ l|a||sob) ■ e^ • 
We see that we can take the following constants: 

e^[ci,f) :=min(e2(a,^), 3'^i('^)) 
and 

c^{oL,f>) :=max(c2(a,|6),exp(c4(a,Adg) -5) ■ (co(G) ■ cx{oLf- ■ 16+ ||a||sob)) • 

D 

Lemma 6.1.3. There are constants C4(a, /5) and £4(0;, /3) with these properties: 

(1) C3(a,^) < C4(a,^) and < e^ic^,^) < e^ioc,^). 

(2) Suppose ((J, t) is fl square kite in (I^, I'o) smc/z ftof side(T) < £4(0:, /3), 
len(cr) < 5, and oi\j(ii\ is smooth. Then 

II logG (MI(a, ^ I C7, t)) - logG (MI(a | 3(^7, t))) || < c^{^, ^) ■ side(T)3 . 

Proof. Let e := side(T), Z := t(I^), and z := t^, 2), which is the midpoint of the 
square Z. Denote by {p\, . . ■ ,pi) the closed string dr. For any i E {1, . . . ,4} let z,- 
be the midpoint of the edge |D,(I^). See Figure 25 for an illustration. Let (si,S2) 
be the positively oriented orthonormal linear coordinate system on Z, such that 

T*{si)=e-iti-l). 

So in particular S;(z) = 0. 

Since ci\z is smooth, there are functions ai,a2 G C'(-Z) g such that 

a|2 = oci ■ dsi + $2 ■ ds2. 

The Taylor expansion of a, around z to second order looks like this: 

(6.L4) aj{x)=aj{z)+ E (5|^;)(z) ■ S)t(^) + E gjXli^) ' ^ki^) ■ si{x) 

l<k<2 l<k,l<2 

for X G Z. Here g, j;,; : Z ^ g are continuous functions satisfying 
(6-1 -5) ||^;;c,/ll < Ikllsob- 
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We define elements A/ G g as follows: 



Ai 
A2 
A3 
A4 



e-ai(zi), 
£■^2(22), 
-e-ai(z3), 
-e-a2{zi). 



(6.1.6) 

Then, almost by definition, 

and 

(6.1.7) 

Now 

Ski^i) e {0, je, -je}, 
and the value occurs half the time. So the Taylor expansion ( 6.1.4| for the point 
Zj has only one summand of order 1 in e (instead of two). Let us define 

Hi := e ■ ai(z), ^[ := -\e^ ■ (g|ai)(z). 



RPo (a I |D/) =expc(A,) 



RPo(a|aT)=ne>^PG('^0- 
1=1 



F2: 
F4 := 



-e-ai(z), H^:= 
-e-a2(z), JM4 : 



1^2 / a S-, 



(5|^l)(^)' 



1^2 / 3 ;j, 



(3fr^2)W- 



Then using the estimate 16.1.51 for the quadratic terms in | 6.1.4| w^e obtain 

(6.1.8) ||A,--(H, + ;i;)|| <e3.||a||sob. 
We also have these bounds: 

(6.1.9) l|A,||<e.||«||sob 
and 

(6.1.10) IIf/II <£■ Ikllsob, ll/^ill < s*^^- Ikllsob. 

According to property (iv) of Theorem 2.1.2 the estimates ( 6.1.8| and | 6.1.9| 
yield 

(6.1.11) 



logG (nti expG(AO) - logG (nti expG(F/ + v'x) 
<4e3.co(G). ||a||sob. 



for sufficiently small e. Similarly the estimates | |6.1.10[ l give us 

lo§G(nti expG(f^,+F/)) -logG(nti expG (/'/)) " Etl ^r 

<2e3.co(G).||a||2^b- 
= — Hi and f/4 = — H2/ arid hence 



(6.1.12) 

Now Ha 



n exPG(/'0 = expG(f^i) ■ expG(F2) ■ expc(-Hi) ■ expg(-H2). 

(=1 



According to property (iii) of Theorem 2.1.2 w^e see that 

(6.1.13) ||logG(nti expG(F/)) - \¥x,n\ \\ < 2e3-co(G) ■ ||«|||„b. 



NONABELIAN MULTIPLICATIVE INTEGRATION 

For the terms f/J we have 



79 



(6.1.14) 



Lf\- 



i=l 



.2.(J-«0(z)+e2.(J^S2)(z). 



Putting together equations ( |6.1.7| , | |6.1.11| , l |6.1.12[ |, | |6.1.13| and ( |6.1.14| we con- 
clude that for some c > 1 (depending on (a, j6)) the estimate 



a s 



logc(RPo(a I ar)) - e^ ■ {[&^{z),&2{z)] - (4fti)(z) + (g|ft2)(z)) 



< e^-c 



e^.c' 



holds for sufficiently small e. Using Proposition 3.3.22 2) we get 
(6.1.15) 

II logG(Ml(« I dT)) - e^ ■ ([«i(z),«2(z)] - (5|Si)(z) + ( J^S2)(z)) || < 

for a suitable cons tant c '. 

Since equation 16.1.1 1 holds, we kno w tha t /5 is smooth on Z. Let ^ e C'(Z) < 
be such that fi\z = ^ ■ dsi A ds2. Then 16.1.1 1 becomes 

^=[ai,a2]-(g|ai) + (gf^a2), 

as smooth functions Z ^t q. Thus we can rewrite | |6. 1.15 1 as 
(6.1.16) ||logc(Ml(a|aT)) -e^-^{z)) || <e^-c'. 

Letting g := Ml (a | a), we have (by Proposition 3.5.8| : 

Ml(a|a(t7,T)) =g-Ml{ii\dT)-g-^ =AdG(g)(Ml(a|3T)). 
The map log^ sends Adc(g) to Adg(g), and therefore 

logc(Ml(a I d{a,T))) = Adg(^)(logG(Ml(<^ | dr)) 



Recall that the length of u is bounded by 5, so by Proposition 3.4.3 the norm of 
the operator Adg(g) on g is also bounded. Plugging in the estimate 16.1.161 we 
now arrive at 



(6.1.17) 



logG(Ml(« I d{a,T))) - e^ ■ Adg(g)(^(z)) || < 



e^ ■ c" 



for a suitable bound c'", again depending on (a, /3). 
Finally, by definition w^e have 

logc(RPo(a,/5 1 c7,t)) = ^2 . Adg(^)(^(z)). 

According to Proposition |4.5. 2 2) we know that 

||logG(RPo(a,^k,T)) -logc(Ml(a,(6|(7,T)) || < C2(a,,6) ■ e*. 

Combining this with | |6.1.17| we get 

II logG(Ml(«,/5 1 cr,T)) - logG(Ml(a | 3(^7, t))) || < C4(a,/5) ■ e^ 

for a sufficiently large constant C4(a, /5) and for all sufficiently small e. This gives 
us a value for £4 (a, /5) . D 



Definition 6.1.18. Let us fix constants C4(a, /3) and £4(0;, /5) as in Lemma 6.1.3 A 
square kite (cr, t) in {i^,VQ) will be called {cc,f>)-tiny in this section if side(T) < 
£i{(x.,pi) and len((7) < 5. 
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Lemma 6.1.19. Let {a, t) be a kite in (I^, vq). Take some k >0. For i e {1, . . ■ A } ^ei 



Then 



{i7i,Ti) := {a,T) o {of, 4) = tesf(c7,T). 



YlMl{ix\d{(7i,Ti)) =MI(a|3(t7,T)). 

! = 1 



Proof. By Proposition 3.5.8 we get cancellation of the contribution of all inner 
edges. □ 

6.2. Stokes Theorem. 

Theorem 6.2.1 (Nonabelian Stokes Theorem in Dimension 2). Let {X,xq) be a 
pointed polyhedron, let C/X be a Lie quasi crossed module with additive feedback over 
(X, xq), and let (a, j6) be a connection-curvature pair for C/X. Then for any kite {a, t) 
in (X,xo) one has 

cl>o(MI(a,/5|£7,T)) =Ml{cc\d{a,T)) 

in G. 



Proof. According to Proposition 5.2.6 1) there is a transfer of twisting setups 

(idcOcOx) : {G,H,^i,) -^ (aCAdg) 

i and 



parameterized by (X, xq). Hence by Propositions 



4.6.5 



5331:2) 



w^e can assume 
that G = H. Next, using Propositions 4.1.6 |4!53 and 5.3.3[ |1) w^e can further 
assume that (X,xo) = (I^/^^o)/ (c^/"^) is a square kite, and len(cr) < 1. We need to 
prove that 

(6.2.2) MI(a, |6 I cr, t) = MI(a | d(a, t)) 

in G. 

Take k large enough such that all the kites 

(6.2.3) {ai,Ti):=ies]{a,T) 

in the A:-th binary tessellation of ((7, t) are (a, j6)-tiny. By Proposition 4.5.1 w^e 
have 

MI(a, ^ 1 17, t) = J]^ MI(a, ^ I tr,-, t,). 
1=1 



Using Lemma 6.1.19 w^e see that it suffices to prove that 

Ml(a,,6|(7,-,T0=Ml(a|3(^„T,)) 
for every i. In this w^ay w^e have reduced the problem to proving that 

(6.2.4) MI(a,,6|(7,T) =Ml(a|8(t7,T)) 

for any (a, j6)-tiny kite (c^, t) in (I^, Cq)- 

So assume {a, t) is (a, /3)-tiny, with e := side(T). Take some k > 0, and let 
((7„ T,) be like in ||6.2.3[|. Then side(T,) = (^)'' ■ e. We know that 



(6.2.5) 

and 

(6.2.6) 



MI(a, P\(7,t) =Yl MI(a, ^ | at, t,) 
1=1 



Ml{a\d{a,T)) =YlMl{Di\d{ai,Ti)). 

! = 1 
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Let us do some estimates now. If i is a bad index (in the sense of Definition 
4.4.12| , then by Lemma 6.L2 we know that 

||logc(MI(a,/5|(7,.,T,)) II <C3(«,/3)-(i)2V 



and 



1 \2k^2 



logc(MI(a I a(c7,.,T,))) II < C3(a,/5) ■ (1)2^ 



On the other hand, if i is a index kite, then Lemma 6.L3 says that 

||logG(MI(a,/3|(7„T,-)) -logG(MI(a|3((7„T,))) || < c^ia, fi) ■ Hf^e^ 

Using these estimates, equations l |6.2.5| -l [6.2.6 1, Lemma 4.4.13 and property (iv) of 
Theorem |2.L2| w^e arrive at 

||logG(MI(a,/5|c7,T)) -logG(MI(a|8((7,T))) II 



good indices 



bad indices 



Here «/ := a, (a, /5, I^) are the constants from Lemma 4.4.13 Since the right hand 
side of this inequality tends to as A: ^ oo, we conclude that |6.2.4| holds. D 



Example 6.2.7. A special case of the corollary is the situation of Example 5.1.4 
Take any differential form a G np^g(X) <Si g, and let /5 := d(a) + jla, a]. Then 
(a, /3) is a connection-curvature pair, and the corollary says that 

Ml(a,^|(7,T) = Ml(a|a((7,T)). 

This is just Schlesinger's theorem [DFj. 

6.3. The Fundamental Relation. Here is an important consequence of Theorem 

16231 

Theorem 6.3.1 (The Fundamental Relation). Let {X,xq) be a pointed polyhedron, let 
C/X be a Lie quasi crossed module with additive feedback over {X,xo), let (a, /3) be a 
connection-curvature pair for C/X, and let {a, r) be a kite in (X, xg). Let us write 

g:=Ml{ci\d{cr,T)) e G 

and 

h:=Ml{a,^\o;T) e H. 
Then 

W{g)=AdHih) 
as automorphisms of the pointed manifold (H, 1). In particular, Y(^) is a group auto- 
morphism of H. 



Proof. According to Theorem 6.2.1 we have g = 'i'oih), and by condition (*) of 
Definition 15 . 1 . 1 1 w^e know that 



Yfe)=Y(*o(^)) = AdH(/z). 



D 



Corollary 6.3.2. In the situation of Theorem 6.3.1 suppose {cr',T') is another kite in 
{X,xq). We get a closed string d{(T' ,t') based at xq, and a kite (8((7'',t') *o;t). 
Then, writing 

h' ■.= Ml{a,^\cr',T') e H, 

one has 

Ml{oc,^\d{cr',T')*cr,T) = Ad H{h'){h) 

inH. 
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a 




Figure 26. Illustration for Corollary 6.3.2 



See Figure [26] 
Vroof. Let p := d{a',T'), which is a closed string based at xq, and let g' : = 



MI(a \p) E G. By Theorem 6.3.1 we have Y(^') = Adnih'), so this is a group 
automorphism of H. Consider the "moving of the base point" corresponding to 
p. Since Y(^') is a group automorphism of H, it follows that HS = H, and 

MF' (a, ^ I ^, t) = MI(a, /3 I (7, t) = /;. 
But from Theorem |5. 4. 8| we get 

Y(g')(MF'(a'/3 I ^.t)) = MI(a,/3 | p * c7,t). 

D 
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7. Square Puzzles 

In this section we work with the pointed polyhedron (X, xq) := (I^, cq)- Let us 
fix some Lie quasi crossed module with additive feedback 

C/l2 = (G,H,Y,cDo,ci>x) 

over (I^, Co)/ ai^d a piecewise smooth connection-curvature pair (a, /5) in C/I^. 



See Definitions 5.2.2 and 5.3.1 We will show that under certain homotopical 
restrictions, moving little square kites around inside I^ doesn't alter the multi- 
plicative surface integral. 

7.1. The Free Monoid with Involution. It will be helpful for us to have some 
terminology for abstract words and cancellation. 

Recall that a monoid is a unital semigroup. Suppose M,N are monoids. By 
homomorphism of monoids we mean a function cp : M ^^ N that preserves the 
multiplications and the units. 

Let S be some set, possibly infinite, whose elements w^e consider as symbols. 
A word in S is by definition a finite sequence iv = (si, . . .,s„) of elements of S. 
Thus zv is a function 

If : {1, . . .,n} ^- S. 

The natural number n is the length of zv. We denote the set of all these words 
by Wrd(S). This is a monoid under the operation of concatenation, which we 
denote by *, and the unit is the empty w^ord 1 := (). We consider S as a subset 
of Wrd(S), namely the words of length 1. In fact Wrd(S) a free monoid: any 
function S -^ M, where M is a monoid, extends uniquely to a homomorphism of 
monoids Wrd(S) —> M. 

Next suppose s = (si,...,Sn) is a sequence of distinct elements of S. We refer 
to such a sequence of distinct elements as an alphabet. We denote by 

Wrd(s) =Wrd(si,...,s„) 

the subset of Wrd(S) consisting of the words in the alphabet s only. More 
precisely, a word iv of length m belongs to Wrd(s) if and only if the function 
w : {l,...,m} — )• S factors as zv = s o w, for a function (necessarily unique) 

zv : {1,...,ot} -^ {l,...,n}. 

The elements of Wrd(s) are denoted by zo{s), and are called zvords in s. Clearly 
Wrd(s) is a sub-monoid of Wrd(S); and it is also a free monoid, on the n symbols 
Si, ...,s„. Given a homomorphism of monoids (p : Wrd(S) -^ M, and a w^ord 
zv{s) E Wrd(s), we shall use the following "substitution notation": 

w{'y) = a;(7i,...,7„) := cp{zv{s)) e M, 

where 7 is the sequence 

7 = (7l.---.7n) := (<^(si),...,<?'(s„)) 

inM. 

Let M be a monoid. By an anti-automorphism of M we mean a bijection 
i/; : M — >• M that reverses the order of multiplication, and preserves the unit. An 
involution of the monoid M is an anti-automorphism ip such that ipoxp — id. The 
pair (M, ^p) is then called a monoid zvith involution. 
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Let S be a set. Let S^^ be a new copy of S; i.e. S^^ is a set disjoint from S, 
equipped with a bijection ipg : S ^ S^^. This bijection extends to an involution 
xps of the set S U S^^. We define 

Wrd^^(S) := Wrd(S U S"^). 

This monoid has a canonical involution 1^5, extending the involution on the set 
S U S^^. We sometimes write w^^ := ipsi'^) for a word zv £ Wrd (S). Note 
how^ever that the product w * w is not 1 (unless a; = 1, the empty w^ord). 
Indeed, the length oiw *w^^ is twice the length of zv (as words in S U S^^). 

The monoid Wrd (S) is a/ree monoid with involution. Here is what this means: 
let (M, \p) be any monoid with involution, and let / : S — > M be a function. Then 
there is a unique homomorphism of monoids (p : Wrd (S) ^- M that commutes 
with the involutions and extends /. 

Given a sequence s = (si, . . . , s„) of distinct elements of S, we write 

Wrd±i(s)=Wrd±i(si s„) := Wrd(si s„,sfi s-^) c Wrd±i(S). 

This is also a free monoid with involution. 

Suppose the w^ords zv and zv' in Wrd (S) satisfy this condition: 

zv = vi*u*V2 and a;' = i^i * 272/ 

where vi and 1^2 are some elements of Wrd (S), and u is either s * s~^ or s~^ * 
s for some s & S. Then we say that zv' is gotten from zv by cancellation. The 
equivalence relation generated by this condition is called cancellation equivalence, 
and is denoted by -^can- Thus words zv, zv' e Wrd(S) satisfy zv ^can ^' if and only 
if there are w^ords 

zv = ZVq, ZOi, . . . ,ZVr = Zv' 

such that for each i either zfj+i is gotten from zvi by cancellation, or vice versa. 
Note that the set of equivalence classes Wrd (S)/ -^can is a free group, with 
basis the image of S. 

When w^e talk about Wrd (si, . . . ,s„), w^e alw^ays mean implicitly that it is the 
free monoid with involution on some sequence (sj, . . . , s„) of distinct elements in 
some set S (possibly S = {si, . . . , s„}). 

If r is a group, then by default w^e put on it the involution !/'(7) := 7 . In this 
way r becomes a monoid with involution. 

Let (M, i/') be a monoid with involution. Given an element m G M, define the 
operation Ad(m) : M ^> M by 

(7.1.1) Ad{m){m') := m*m' *ip{m). 

Warning: Ad(OT) is not a homomorphism of monoids (unless M is a group). 

Let Y be a finite graph (i.e. a finite 1-dimensional cellular complex), with base 
point 1/0 that's a vertex, and n edges ti, . . . , t„. Choose an orientation on each T; 
(i.e. a homeomorphism I^ = t,). The reversely oriented cell is denoted by r^ . 
Take an alphabet s = (sj, . . . , s„). Any word zv{s) S Wrd (s) gives rise, by the 
evaluation s, l-^■ t,- and sr^ \-^ t^ , a sequence of oriented cells a;(Ti, . . .,t„), 
which might or might not be a path in Y. 

Lemma 7.1.2. In the situation described above, suppose ^^(ti, . . . , t„) is a closed path in 
Y basedattfQ, such that [zv{ti,...,t„)] = 1 in the fundamental group 7ri(Y,i/o)- Then 
zvis) -canlOTWrd^l(s). 
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Proof. We learned this proof from Y. Glasner. First consider a pointed tree (Y, yo)/ 
and a sequence {pi, ■ ■ ■,pi) of edges in Y which is a path starting at yo- If this 
path is closed, then it is cancellation equivalent to a point. This can be seen 
by induction on /. Indeed, let i be an index such that the endpornt of the path 
{pi, . . . ,pi) is at maximal distance from the base vertex vjq. Then we must have 
pi+\ = p^ ; so we can cancel these two edges, yielding a shorter closed path. 

Getting back to our problem, write {pi, ■ ■ ■ ,pi) := [j^f (tj, . . . , t„)], where pi € 
{t-^ , . . ■ , T^^}. Then w{s) ^can 1 if and only if (pi, ■ ■ ■ ,pi) is cancellation equiva- 
lent to a point. Let p : (Y,yo) ^- {y,yo) be the universal covering map; so (Y,yo) 
is a pointed tree. Since the closed path [pi, . . . ,pi) is trivial in the fundamental 
group of Y, it lifts to a closed path {p-[,. . . ,pi) based at yo in the tree Y. By the 
first paragraph the path (pi, ■ ■ ■ ,pi) is cancellation equivalent to a point. Hence 
so\s{pi,...,pi). U 



7.2. Generating Sequences. Recall that for A: > 0, the fc-th binary subdivision 



sd' I^ of \^ is the cellular decomposition of I^ into 4 squares, each of side {\) ■ 



The 1-skeleton of sd I^ is the topological space skj sd \^, and its fundamental 
group, based at vq, is 7ri(ski sd I^). For a closed string a based at vq and pat- 
terned on sd I^ we denote by [a] the corresponding element of K\ (sk^ sd I'^). 

Definition 7.2.1. Let A: e N, and let 

P^ = {{<r\,r\) (4, 4)) 

be a sequence of kites in (I^, vq), all patterned on sd \^. For any i let 

fl5:=[3(c7^,T;h]e7ri(skisd'^l2). 

(1) If the sequence {a\,...,a\) is a basis of the group ;ri(skisd^I^), then we 
say that p'' is a generating sequence for sd I^. 

(2) Let {a, t) be a kite in (I^, vq) patterned on sd" I^. If t = t? for some i then 
we say that [a, r) is aligned with p^. 

The k-th binary tessellation tes I^ (see Definition 4.2.5 1 is an example of a 
generating sequence for sd I . 

Lemma 7.2.2. Let p^ be a generating sequence for sd I^, and let aj = [d{cr^,T^)] as in 
the definition above. Let w{s) e Wrd (s) = Wrd (si, . . .,s^k) be a word such that 

4) 



w{a\,...,a\,) = 1 



in the group H'i(skisd I^). Then 

W{s) ~can 1 

mWrd=^^(s). 

Proof. This is because the sequence (aj^, . . .,fl^^) is a basis of the free group 

rrilskisd'^I^). D 

Lemma 7.2.3. Let (Ti,a2 be linear strings in I^, and let t : l^ ^- l^ be a linear map, all 
patterned on sd I^ for some k >0. 

(1) Suppose ai,(T2 are closed strings based at vq, and [uj] = [a2\ in ;ri(ski sd^I^). 
Then 

MI(a \cri) = MI(a | cti) 

in G. 
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(2) Suppose that (Ti{vo) = vq and (Ti{vi) = t{vq) for i = 1,2; so that (cr,-, t) are 
kites in I^ and ct2 * c^^ is a closed string based at vq. If [(J2 * o'l^] = 1 in 
ni{ski sd I^), then 

MI(a, ^ I ai, t) = MI(a, ,6 | a2, t) 

inH. 

Proof (1) Take n := 2''+^ ■ (2*^ + 1), the number of 1-cells in sd*' I^. Let us denote 
these 1-cells by ti, . . . , t„, and let's choose an orientation for these cells, as in 
Lemma 7.1. 2| There are unique words 

wi{s),W2{s) e Wrd^^(s) =Wrd*^(si,...,s„) 



such that zVi{Ti,...,Tn) = (Ji as st rings. Lemma 7.1.2 i mplie s that wi{s) --^can 



3.5.8 



tell us that 



W2{s) in Wrd (s). Now Definition 3.5.7 and Proposition 

Ml(a I wi (ti, . . . , t„)) = Ml(a | 0^2(^1, . . . , t„)). 

(2) Let gi := MI(a | ctj) e G. By part (1) we know that 

g2 ■ gi^ = MI(a I (72) ■ MI(a 1 17:[^) = MI(a | 0-2 * cr^^) = 1; 

so that gi = g2. Let g ■= g-^^ = g2. 

Let Cq denote the empty string. So c^, * ctq = cr- for i = 1, 2. Now according to 
Theorem 15.4.81 we have 

MI(a,^ I c7,-,t) = Y{g){M[S{a,p\ (70, t)). 

for f = 1, 2. But the right hand side is independent of i. 



D 



ikj2 



7.2.1 



Lemma 7.2.4. Let p^ he a generating sequence for sd I , let dj he as in definition 
and let 

h\ ■.= Ml{ci,^\a},T}) eH. 

Suppose {a, r) is a kite in (I^, vq) patterned on sd^ I^ and aligned with p\ Then there is 
a word 

w{s) eWrd^^(s) =Wrd^l(si,...,S40 
such that 

[d{a,T)] =w{a\,...,a\,) 

in Ki (ski sd I^), and 



MI(a,^|(j,T) = w{h\,. ..,h 



4k J 



inH. 



Proof. Let i be an index such that t = r^. Then cr* [cr?) ^ is a closed string based 

for an illustration where k = 1 



ikjl 



27 



at Co and patterned on sd I . (See Figure 

pft = tes^ I^.) There is a word u{s) E Wrd (s) such that 

[cr*{c7^)-'^] =u{a\,...,a\,) 

in the group Tt\ (skj sd I^). 

We can also consider the monoid M of finite sequences of closed strings pat- 
terned on sd '' I^ and based at vq, where composition is concatenation of se- 
quences, and the involution is given by reversal of order and 13.5.41. Consider 
the sequence 

dp^ := {d{o\,T\) 3(4,4)). 
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^0 



i^i) 



l^-l 



VQ 



Figure 27. A kite {(t,t) patterned on sd I^ and aligned with 
tes^ I^, the corresponding kite {crj,TJ), and the closed string 

(7* [aj)'^. Here i = 1. 



The evaluation m(3jO^) of the word m(s) on the sequence 9p^ is an element of M. 
And we have 



(7.2.5) 



Wp^)\=u{a\ 4) 



in the group n\ (skj sd I^). 
Take 

w[s) :— u{s) * Sj * u{s)^^ E Wrd^-^(s). 
It is easy to check that 

[d{cr,T)] =w{a\,...,a\,) 



holds in ;ri (ski sd ^ I^ ) . Next, using Corollary 6.3.2 recursively, equation 17.2.5 
and Lemma [7.2.3| [2), w^e obtain 

^{h\ h\,)=u{h\ hl,)-h\-u{h\ h\,)-^ 

= Ml{oi,^\u{dp^)*o-\,T}) 
= MI(a,^|(7,T). 



D 



Lemma 7.2.6. Let p^ be a generating sequence for sd I^, and let 

P = ((0'l,Ti), ..., (cr,„,Tm)) 

he some sequence of kites in (I^, vq) patterned on sd I^ and aligned with pK Write 

aj := [3(d-,-,t;)] e 7ri(skisd''l^) 

and 

hi := MI(a, |6 I (7;, T;) e H. 
Let 

u{s) e Wrd^^(s) =Wrd^\si,...,Sni) 
be a word such that 

«(«!,. ..,flm) = 1- 

Then 

u{hi,...,hm) = 1. 
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Figure 28. A kite {cr, r) in (I^, vq), and the kite flip((J, t) 



Proof. Using Lemma 7.2.4 for each i E {1, . . . , m} we can find a word 

Wi{t) e Wrd*^(t) =Wrd^\h,...,t^,) 

such that 

Ui =Wi{a\,...,a\^) 

and 

hi = Wi{h\, . . . ,h\^) 

(with notation as in the previous lemmas). Define 

w{t) := u{zvi{t),...,zvn,{t)) eWrd^^(t). 
Then 



in 7ri(ski sd I^), and 



w{a\,...,al,) 



w{hy...,h\) = u{hi,...,hm) 



inH. 



Now according to Lemma 7.2.2 w^e have w{t) ~can 1 in Wrd (t). Hence by 

4/rj 



cancellation in the group H we get w{h\,..., h f.) = 1. D 



7.3. The Flip. The flip of l^ is the linear automorphism whose action on vertices 
is 

flip(z;o,'^i,^'2) := {■vo,V2,vi). 
Given a kite (cr, r) in (I^, vq), its flip is the kite 

flip(cr, t) := (cr, TO flip). 



See Figure 28 for an illustration. 
Note that 

flip(c7,T) = {l7,T)oi[ip{(7lT°), 

where {cr^, r^) is the basic kite. By associativity of kite composition it follows that 
given any two kites {(Ti, ti) and ((72, T3) in I^, one has 

(7.3.1) flip((cri,Ti) O ((72, T2)) = ((7i,Ti) oflip((72,T2) 

If ((7, t) is a kite patterned on sd I^ for some k, then the effect of flipping is: 

(7.3.2) [8flip((7,T)] = [a((7,T)]-i 
in 7ri(skisd''I^). 
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Lemma 7.3.3. Let {a, r) be a kite in (F, vq), and let k >0. Then 



1 



(7.3.4) 



Ml(a,/3| flip(^,T)) = n Ml(a,/5| mp{{a,T) o (alzf))). 



Note that the order of the product is reversed! 

Proof. By moving the base point from vq to xq := t(co) along the string a, and 
using Theorem 5.4.8 we now have to prove that | 7.3.4| holds for a kite {o',t) in 
the pointed pol yhedr on {1^,xq), and moreover u is the empty string. Next we 
use Proposition 4.53 for the map of pointed polyhedra t : (I^, cq) ~^ (I^/^o) to 
reduce to proving (7.3.4 1 for {a, r) = (u^, r^), the basic kite in (I^,z;o)- 
So we have to prove that 



(7.3.5) 



Ml(a,/5| flip«TO)) = n Ml(a,/5| flip((7f,Tf)). 



holds. 

For any i E {1, . . . ,4''^} define 

(cr^,T^):=flip«T0)o(c7f,Tf). 
Then 

P^--=iK4) (44)) 



j':t2 



is a generating sequence for sd r. By Proposition 

(7.3.6) 



4.5.1 



we know that 



MI(«,/5|flip((70,T0)) =11 hi 

! = 1 



where ftj are as in Lemma 
formula | 7.3.2^ that 

(7.3.7) 



7.2.4 



And it is clear from Definition 



4.2.2 ;2) and 



n 

i=l 
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2i-l 



7.2.1 



L 

where a- are as in Definition 

Consider another sequence of kites 

p:= {{a^,T-^),...,{cr^^,T^t)), 
where we define 

It is not hard to show, by induction on k, that these kites are aligned with the 



generating sequence p^. Let a, and ft, be as in Lemma 
m := 4 of course. Again by induction on k one shows that 

n «<• = pi']"'- 



7.2.6 



where we take 



Combining this with 1 7.3.7 1 we deduce 

a^k---a2-ai- (fl^^)"^ ■ ■ ■ (4)"^ ' («i)~^ = 1 



in 7ri(ski sd I^). Now Lemma 7.2.6 says that 

h,,---h2-h,-ihl,)-'---{hl)-'-ihl)-' 
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in H. Using (7.3.6| we get 



n /z/ = Ml(«,/3|flip«T0)). 

!=4* 



This is precisely 1 7.3.5 1. 



D 



Definition 7.3.8. In this section, a kite {a, t) in (I^, vq) will be called (a, ^)-tiny if 
it is a square kite, len((j) < 5, and 

side(T) < mui(e-4(a,^), e5(a,Yf,)) . 



6.1.3 



and Proposition 3.5.13 regarding the constants £4(0:, j6) and 



See Lemma 

Lemma 7.3.9. Let {o;t) be a kite in {i^,vo). Then 

(7.3.10) Ml(a,,6 I flip(t7,T)) = MI(a,^ | t7,T)-^. 

Proof. Step 1. Assume {o',t) is (a, /5)-trny and f^\T-ii2\ is smooth. We may assume 
that e := side(T) is positive (since the case e = is trivial). 
Since the flip reverses the orientation, it follows that 

RPo(«,^| flip(t^,-r)) =RPo(a,^|tr,T)-i; 



cf. Definition 4.3.3 Next, by applying Proposition 4.5.2 to both (u, t) and 



flip(cr, t), we have 
(7.3.11) 

II log^(Ml(a,^ I flip(^,T))) - logH(MI(a,/3 1 cr,T)-^) || < 2 ■ C2(a,/3) ■ e^ . 

Step 2. Again we assume that {cr, t) is (a, /5)-tiny and e := side(T) is positive; but 
we do not assume smoothness. 

Take A: > 0. For each index i E {1, . . ■ A^} we let 

((7;,T,) := {a,T) O (t7-f,Tf) = tesf(t7,T). 

Note that side(T,) = (5)'' ■ e. The subsets good(T,A:) and bad(T,A:) of {1, . . . ,4*^} 
w^ere defined in Definition 



4.4.12 



According to Lemma 4.4.13 there are constants 

such that 

|bad(T,fc)| < flo + fli -2''. 
If i is a good index, then by step 1 w^e know that 

||logH(MI(a,,6| flip((7,-,T0)) -logH(MI(a,,6|cr,-,T0-^) || 
< 2. C2(«,/5). (1)4*^.^4^ 



And if i is a bad index, then by Proposition 4.5.2 1) w^e have 

II log„(MI(«,^ I flip((7-;,T0)) - logH(MI(a,^ I (Ti,Ti)-^) 
<2.ci(^,/5).(i)2'^.e2. 



(7.3.12) 
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The conditions in property (ii) of Theorem 2.1.2 are satisfied. Hence, using 
Lemma [7.3. 3| and Proposition 4.5.1} we obtain these estimates: 

||logH(MI(a,^| flip((7,T))) -log^(MI(a,^|£r,T)-i) || 

= II logH( n MI(a,/5 1 flip(c7,.,T,))) - logH( n MI(a,^ I £r,-,T,)-i' 

< |good(T,fc)| ■ 2 ■ C2(a,/5) ■ ilf ■ e^ + |bad(T,/c)| ■ 2 ■ ci(a,/5) ■ {If' ■ e^ 

< 4*^ ■ 2 ■ C2(a,/3) ■ (1)« ■ e^ + (ao +«! ■ 2*^) ■ 2 • ci(«,/3) ■ (l)^*^ ■ e^ . 

As k —> 00 the last term goes to 0. Hence | 7.3.10| holds in this case. 

Step 3. Now (u, t) is an arbitrary kite in {1^,vq). We may assume that t(I^) is 
2-dimensional, for otherwise things are trivial. As done in the beginning of the 
proof of Lemma 7.3.3 we can modify the setup so that (u, t) is a square kite and 
len(c7') < 1. Take k large enough so that all the kites 

KT,):=KT)o(c7f,Tf), 

i E {1, . . ■ ,4*^}, are {a, j6)-tiny. By Step 2 we know that 

Ml(a,^ I mpia„Ti)) = Ml(a,^ I £r,-,T,)-^ 

holds for all i. Hence, using Lemma p^.3.3| and Proposition 4.5.1 we conclude that 

1 
Ml(a,^| flipKr)) = H Ml(a,^| flip(t7,-,T,)) 



1 

n 



4' 

r 



Yl Ml(a, p I ai, Ti)-^ = (n Ml(a, ^ | at, t,)) ^ = Ml(a, p \ a, t)-^ 



D 



7.4. The Turn. The (counterclockwise) turn of I^ is the linear automorphism 
turn : I'^ — > I^ defined on vertices by 

turn(z;o,i'i,i'2) := (^'i, (l,l),^o)- 
The turn of the basic kite (Uj, rj') is 

turn(cr5',T{') := ((z;o,^i),turnj. 

Given any kite [cr, t) in (I^, Vq), its turn is the kite 

turn((j, t) := (c^, t) o turn(cr^, t}*). 



See figure 29 



Observe that for kites {ai, tj ) and (^2, T2) in (I^, cq), one has 

(7.4.1) turn((t7-i,Ti) o (t72,T2)) = ((7i,Ti) o turn (£7-2, T2). 
If [a, t) is patterned on sd^ I^, then the boundaries satisfy 

(7.4.2) [3turn(cr,T)] = [(c7,T)] 
in 7ri(skisd''l2). 

Lemma 7.4.3. Let {a, r) be a kite in (I^, vq), and let k >0. Then 



Ml(a,^| turn(c7,T)) =Yl^K'^'l^\ turn((cr,T) o (cT^STf ))). 

! = 1 
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Figure 29. A kite {cr, t) in (I^, vq), and the kite turn(cr, t). 



Proof. The proof is very similar to that of Lemma 7.3.3 As we showed there, it 
suffices to consider the case {a, r) = (uj, r^). So we have to prove 

(7.4.4) MI(a, ,6 | turn(crO, ^0^^ ^ -q y^^^^ ^ | turn(t7f, xf )) . 

! = 1 

For any f e {1, ...,4''} let 



The sequence 



(£7-»,T,'):=turn«T0)o(^f,Tf 



P^:=(KTf) (4,^)) 



is a generating sequence of kites for sd I^. Define elements a^ and /z^- as in Def- 



inition I73T and Lemma 7.2.4 with respect to the this new generating sequence 



p^ By Proposition 

(7.4.5) 



4.5.1 



we know that 



4f: 



Ml{oc,^\tnrn{cr°,T^))=llhl 

1=1 



And by induction on k it is not hard to see that 



(7.4.6) 



n «,^ = pi^ 

i=l 



Next consider the sequence of kites 

where 

{cri,Ti) :=turn((7f,Tf). 

These kites are all aligned with p\ Take a, and hi defined as in Lemma 
then have 

1=1 



7.2.6 



We 



Applying Lemma 7.2.6 we conclude that 



n ^< = n hi 

i=l 1=1 

Combining this equation with | |7.4.5| we can deduce that equation 1 7.4.4| is true. 

D 
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(7.4.8) MI (a, ,6 I turn(^,T)) =Ml{a, p\cr,T). 
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Proof. The proof is organized like that of Lemma 7.3.9 so we allow ourselves to 
be less detailed. 

Step 1. Here we assume that (c, t) is an {a., /5)-tiny kite, the number e := side(T) 
is positive, and /3|^(I2^ is smooth. Going back to Definition 4.3.3 and using its 
notation mixed with the present notation, we have 

RPo(«,/3|c7,T)=exp^(e2.Y^(g)(^(z))). 

Recall that 

g = Ml(a I a* (xocTpj.)). 

The turn does not change the area of the square Z = 'r(I^), nor its midpoint z; 
it only changes the string that leads from Vq to z. Indeed, the string that is related 
to turn((7, t) is cr * (t o p'), w^here p' is the string 

p' := {vo,vi)*{vi,y)*{y,w), 

in I with y := (j, 1) and w; := (j, j). The formula for the Riemann product is 

RPo(a,/5| turn(£r,T)) =exp^(e2.Y^(g')(^(z))), 

with 

g' := Ml(a I a* {Top')). 

Let p" := cCj.! * jo', which is a closed string based at w. The group element 

g" :=MI(a|Top") 



satisfies g' = g ■ g" ■ Since len(T o p") = 3e, we know by Proposition 3.5.13 that 

||Y„(/)-l|| <C5(a,T,J-3e. 



But by Proposition 3.5.10 we have 

l|Y„(g)l|<exp(c4(a,T[,)-5). 

Therefore 

II logH(RPo(a,^ I turn(£r,T))) - log„(RPo(a,(6 I £7,t)) 



(Yh(^)o(T^fe")-l))(^(z)) 



where we write 



< e -c. 



c :=exp(c4(a,Y(,) -5) ■3-C5(a,Y(,) ■ ||^||sob- 



Combrnrng this estimate with Proposition 4.5.2 2), we obtain 

(7.4.9) 



logH(MI(a,,6| turn((7,T))) -logH(MI(a,^|£r,T)) 
< 2-C2(a,^) ■e^ + c-e' . 



Step 2. In this step we assume that [a, t) is an (a, /3)-tiny kite and e := side(T) is 
positive; but no smoothness is assumed. 
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Take A: > 0, and define kites (cr,, t,) and sets good(T,A:) and bad(T,A:) like in 
step 2 of the proof of Lemma 7.3.9 If i e good(T,fc) then by equation 1 7.4.9 1 in 
step 1 we know that 

||log^(MI(a,^| turn(t7,-,T;))) - log^(MI(a,^ | (r/,T/)) || 
<2-C2(a,/5)-(i)«-e4 + c.(i)3'^.e3. 

For i E bad(T, k) we use the estimate ( 7.3. 12| . As in the proof of Lemma 7.3.9 but 
using Lemma [7.4.3| instead of Lemma 7.3.3 we arrive at the estimate 

||logH(MI(a,^| turn(t7,T))) -log^(MI(a,^|(7,T)) || 

^ II logH ( n MI('^' ^ I turn(c7,-, T,))) - logH ( fl MI(a, ^ | cr,-, t,) 

1=1 ;=1 

< |good(T,/c)| ■ (2 ■ C2K/5) ■ Ci)^' -e^ + c- (1)3'^ ■ e3) 
+ |bad(T,/c)|-(2-ci(«,/3)-(l)2*^-e2) 

< 4*^ ■ (2 ■ C2(a,^) ■ (i)^'^ -e^ + c- (l)^'' ■ e^) 
+ (ao + «i-2'^)-(2.ci(«,/3).(l)2'^.e2). 

As A: — > 00 the last term goes to 0. Hence | 7.4.8| holds in this case. 

Step 3. For an arbitrary kite (u, t) in (I^, z^g) w^e prove that 1 7.4.8 1 holds using 



step 2, as w^as done in step 3 of the proof of Lemma 7.3.9 but using Lemma 7.4.3 
instead of Lemma 17.3.31 D 

7.5. Putting it all Together. 

Theorem 7.5.1. Let 

C/l2 = (G,H,Y,cl>o,cl>x) 

be a Lie quasi crossed module over {X,xq) := (I^, i^o)/ ^^ (^'i^) ^^ ^ connection- 
curvature pair in C/I^, and let 

p = ((0-i,Ti), ..., {crm,Tm)) 

be a sequence of kites in (I^, vq) patterned on sd I^,/or some A: e N. For i E {1,. . . ,m} 
define 

aj := [3(d-,-,t;)] e 7ri(skisd''I^) 

and 

hi := MI(a,/3|cr;,T,) e H. 

Suppose 

a;(s) e Wrd^^(s) = Wrd^^(si,. . .,5^) 
is a word such that 

w{ai,. ..,a„i) = 1 

in ;ri(skisd I^). Then 

w{hi, . . . ,hm) = 1 
inH. 

Proof. We can find J, e {0, 1} and 7, e {0, 1,2,3}, such that the kites 

(cr;,T/):=flip''(turn^(c7,,T,)) 
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are aligned with the generating sequence tes I^. Here the exponents // and ji 
refer to iteration of the corresponding operation. Let e, := ( — 1) ', 

«;. :=[a(c7;,T/)] e7ri(skisd*^l2) 



and 



h'^:=Mlia,ji\a'i,T;)eH. 
Then a^' = «■, and by Lemmas 



Consider the word 



7.3.9 



and 



7.4.7 



we also have h^' = h^. 



Then 
and 



m(s) :=a;(s^i,...,s^") eWrd*^(s). 
■w{ai,...,a„,) = u{a[,...,a'j„) 



D 



w{hi,...,h„,) = u{h[,...,h'^). 
Now we can finish the proof with the use of Lemma |7.2.6 

Corollary 7.5.2. Let 

be a Lie quasi crossed module over (X, xq) := (I^/^o)/ '^^ i'^'f^) ^^ ^ connection- 
curvature pair in C/I^, and let 

P = ((f^l'Tl)' ■■■/ i^4k,T^k)) 

be a tessellation ofp- patterned on sd I^ {cf. Definition 4.2.21. Then 
n MI(a, ^ I ai, Ti) = MI(a, ^\i7,t). 

i=\ 

Proof. This is an immediate consequence of the theorem, with 

i" 

i=\ 

D 
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Figure 30. A cubical balloon (a, t) in the pointed polyhedron (I'', z;o)- 



8. Stokes Theorem in Dimension 3 



The goal of this section is to prove Theorem 8.6.6 which is the first version 
of the main result of the paper (The second version, dealing with the triangular 



case, is Theorem 9.3.5 ) 

8.1. Balloons and their Boundaries. 

Definition 8.1.1. Let (X,xo) be a pointed polyhedron. A linear quadrangular bal- 
loon in (X, xq) is a pair (u, t), where o" is a string in X (see Definition 3.5. 1[ , and 
T : I'' — > X is a linear map. The conditions are that (t(vq) — Xg and (t{v-\) = t(co)- 

In other w^ords, a linear quadrangular balloon is the 3-dimensional version of 



a linear quadrangular kite. See Figure 30 for an illustration. 

All balloons in this section are linear quadrangular ones; so w^e shall simply 
call them balloons. (This will change in Section [9]) If the image of t is a cube in 
X, then we call {v, t) a cubical balloon. The length of the side of t is denoted by 
side(T). If side(T) > then {a, t) is said to be nondegenerate. 

If (cr, t) is a balloon in (X, xq), and (u', t') is a balloon (resp. a kite) in (I'', vq), 
then the composition {a, r) o [a' , t') (defined like 14.1.2 1) is a balloon (resp. a kite) 
in (X,Xo)- 

The A:-th binary subdivision of I is its cellular decomposition into 8 little 
cubes, each of side {\Y- We denote this decomposition by sd I''. 

A map cr : IP ^- I^ is said to be patterned on sd I^ if it is linear, and its image 
is a p-cell in sd I'^. A string a = (ux, . . .,(r„) in {1?,vq) is said to be patterned 
on sd I'' if for every i the map cr, : I^ ^- I'^ is patterned on sd I''. A kite or 
balloon (u, t) in (I'',co) is said to be patterned on sd I^ if the string a and the 
map T : IP ^- I^ (p = 2,3) are patterned on sd I''. 

The A:-th binary tessellation of I'^ is the sequence 



(8.1.2) 



tes'^I^ 



(tesjl3. 



.Aesl\^) = {{a\,Tl) WI^tI,)) 



V- 



of balloons patterned on sd I , defined as follows. For A: = we have the basic 
balloon {a1,T^), where C7^ is the empty string, and t{' : I'' — > I'' is the identity 
map. 
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For k = 1 we choose, once and for all, a sequence 

tesH^ = {{alrl) (c7-1,t1)) 

balloons patterned on sd I , satisfying these conditions: 

(a) Each of the 3-cells of sd I'^ occurs exactly once as t^ (l^) for some /. 

(b) The maps t/ are positively oriented. 

(c) The length of each string of is at most 3. 
This can be done of course. 

For k > 1 we use the recursive definition 

tes''+H^ ■- (tesil3)o(tes*^l3). 
Here we use the convention <3.1.1| for composition of sequences. 



Given a balloon (cr, t) in a pointed polyhedron {X,xq), an numbers k E N, 
ie{l 8*^}, let 

(8.1.3) tesf(^,T) := ((7, x) o tesf I^ = {ct,t) o {af,T^). 

The A:-th binary tessellation of {cr, t) is the sequence (of length 8*^) of balloons 

(8.1.4) tesHcr,T) := (c7,t) o (tes'^I^) = {tes\{a,T) tes^,(c7,T)). 

Definition 8.1.5. (1) For f e {1, . . . , 6} let 3/1^ := {cr^, r^) be the kites depicted 
in Figure 31 The boundary ofl^ is the sequence of kites 

dl'={d^l' del') = {{alTl) (tr^T,^)). 

(2) Given a balloon {a, t) in a pointed polyhedron (X, xq), let 

d,{cT,T) := (cr,T) o3,-l3 = (^,-r) o (c7,^Tf). 

The boundary of (cr, t) is the sequence of kites 

a(cr,T) := [di{0-,T),...,ds{(7,T)) 

in (X,xo)- 

If {cr, t) is a balloon in (I^, vq) patterned on sd I^, then d{(7, t) is a sequence (of 
length 6) of kites patterned on sd' I , and dd[a, t) is a sequence of closed strings 
patterned on sd I''. 

Definition 8.1.6. Let (X,xo) be a pointed polyhedron, let C/X be a Lie quasi 
crossed module with additive feedback over (X,xo)/ and let (a, /3) be a piecewise 
smooth connection-curvature pair in C/X. Given a balloon (c^, t) in {X,xq), w^e 

define 

6 

MI(a,,6|8((7,T)) =11 MI(a,,6|8,(t7,T)) e H. 
1=1 

8.2. Some Algebraic Topology. Let us denote by 7ri(ski sd*^ I'') the fundamental 
group of the topological space skj sd I , based at vq. If cr is a closed string 
patterned on sd I'^ and based at vq, then we denote its class in tti (skj sd I'') by 

H 

We now look at homology groups. Fix A: > 0. On each p-cell t in sd I , p E 
{0, 1, 2}, let us choose an orientation (there are tw^o options for p > 0). We denote 
by Cp(sk2sd I'^) the free abelian group based on these oriented cells, called the 
group of p-charns. The direct sum on all p is a complex (with the usual boundary 
operator), and the p-th homology is the singular homology Hp(sk2 sd^ I'^) of the 
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vi 



■^ 



E3 



■ 
I 

-<- — -*. 



pq 



>^, 



cr\ ^1 






■' ; 

5 ; 



^5 = ^0 




(^6 = ^0 



Figure 31. The kites {(r\,Tl), i = 1,...,6, that make up the 
boundary of I^. 

topological space sk2sd F. The homology class of a cycle J^ifi (Tj is denoted by 
[Hi ^i'^i] ■ Observe that a string a = {(Ti,...,a„) patterned on sd I^ represents an 
element X^, c^, G Ci(sk2sd I''). And a linear map t : I^ ^- I'' patterned on sd I^ 
represents an element t e C2(sk2 sd^ I'^). 

Recall the free monoid with involution Wrd (s) from Subsection 



7.1 



Lemma 8.2.1. Let {{ct\, t\),. . . , [an, t,,)) he a sequence of kites patterned on sk2 sd I'', 
for some k >0. Write 

fl, := [a(cr/,T;)] e 7ri(skisd*'I^). 
Let IV (s) e Wrd {si, .. .,s„) be a word such that w{ai,. .. ,an) =1- Then the 2-chain 

w{Ti,...,Tn) eC2(sk2Sd'^l3) 

is a cycle. 

Proof. Say m is the number of 1-cells in sd I . We choose orientations, and ar- 
range these oriented 1-cells in a sequence {pi,...,pm). For every i let M,(t) E 
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Wrd"^^ (il, . . . , im) be the word such that 

d{ai,Ti) = Ui{pi, . . . , pm) 
as strings patterned on sd F. Define 

u{t) ■.= w{ui{t),...,u„{t)) e Wrd'^^(t). 
Then u[pi,. . . ,p„i) is a closed str ing, and its homotopy class is trivial in 



7ri(ski sd F). According to Lemma 7.1.2 we have u{t) --^can 1 in Wrd (f). 



)±i/ 



On the other hand w^e have 9(t,) = 9((7,, t,) as additive 1-chains, i.e. as elements 
of Ci(sk2sd*^l3). Hence 

d{w{Ti,...,T„)) = w{d{ai,Ti), . . . ,d{an,Tn)) = u{pi,...,p,n) = 

as elements of C2 (sk2 sd ^ I'' ) . D 

Lemma 8.2.2. Recall the boundary of \^ from Definition 8.1.5 For any i let 



a\:=[d{a\,T^)]eK^{s\irsdH^) 

and 

l^:=Tf eC2(skisd°l3). 

Then: 

(1) The fundamental group 7ri(ski sd I'') fs generated by the sequence of elements 
(fl^, . . . , flg), and there is one relation: 

n «^=i- 

1=1,.. .,6 

Thus 7ri(ski sd I^) fs a free group of rank 5. 

(2) The homology group H2(sk2 sd I'') fs a free abelian group of rank 1, with basis 
[Ei=l 6 T/]. 

Proof. This is obvious from looking at the pictures. D 

Given a balloon (u, t), its boundary d{a, t) is a sequence of 6 kites, and 38 (u, t) 
is a sequence of 6 closed strings. 

Lemma 8.2.3. (1) The fundamental group 7ri(skisd I^) fs generated by the 

sequence of closed strings 

dd{tesH^) = (aa(c7^,T|) 33(4, Tg\)). 

This sequence has length 48. There are 20 relations, and they are of two kinds: 

(a) For any two distinct kites {cTi, x,), {a;, x,) in 33(tes^ I'^) such that X/(I^) = 
x,(I^), namely for any of the 12 interior faces of sd I^, there is a relation 

for some word gi in the 48 generators. 

(b) For any of the 8 ballons {a'f,Tf) in tes^ I'^ there is a relation as in Lemma 



Thus 7ri(ski sd I^) fs a free group of rank 28. 
(2) The homology group H2(sk2 sd I'') fs a free abelian group of rank 8, with basis 
the 8 boundaries of the 8 balloons in tes^ I'^. 



Proof. Use Lemma 8.2.2 together with the Van-Campen and Mayer- Vietoris theo- 
rems. D 
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8.3. Inert Forms. Let (X,xo) be a pointed polyhedron, and let 

C/X = (G,H,T,cl>o,cl>x) 

be a Lie quasi crossed module with additive feedback over (X, xq)- Recall that 
the additive feedback <i>x is an element of Opws(X) ® Hom((],0), so for any point 
X & X we have a linear ftmction 'I>x(^) '■ h ^^ 9- 

Suppose Z c X is some sub-polyhedron. As in equation |4.6.4[, but restricting 



to Z, for every p -we have an (9pws(-Z) -linear homomorphism 

*x|z : n|;ws(z) ® f) ^ n|^ws(z) ® 0- 

Note that for p = 0, an element 

/eno„3(z)®fi = Cpws(z)®f) 

is a piecewise smooth function / : Z ^ f); and in this case 

4>x|z(/)(z)=*x(z)(/(z))e0 

for any point z E Z. 

Definition 8.3.1. Let Z c X be a subpolyhedron. 

(1) A function / E Op„s(Z) f) is called an inert function (relative to C/X) if 



*x|z(/)=0. 

■'pwsV 



(2) A form 7 E npws(2^) '8 f) is called an inert p-form (relative to C/X) if 



*x|z(7) =0. 

Let7 E n|^ws(X^)®b- Choose some linear coordinate system s = (si,...,s„) on 
X. Also choose a smoothing triangulation {X.j.gj for 7; so that 7|x E Clf{Xj) f) 
for every /. See Subsection L5 for details. For each index j let /yG ^{^j) (^ f) be 



the coefficients of 7|x relative to s, in the sense of Definition L3.2 Namely 



(8.3.2) l\x^=L fi,i ■ ds/i A ■ ■ ■ A ds,^, E O^ (X^-) (), 

where i = {ii,...,ip) runs over the set of strictly increasing multi-indices in 

{1 n}P. 

Lemma 8.3.3. In the situation above, the following are equivalent: 

(i) The form 7 E Clp^si^) ® h 's inert. 
(iii) The functions fj^i E 0{Xj) t) are all inert. 

We omit the easy proof. 

Definition 8.3.4. The closed subgroup 

Ho:=Ker(cl>o) cH 
is called the inertia subgroup (relative to C/X). Its Lie algebra 

[)o:=Lie(Ho)=Ker(Lie(cl)o)) 
is called the inertia subalgebra. 
Proposition 8.3.5. The subgroup Hq is central in H, and the subalgebra t)Q is central in 



NONABELIAN MULTIPLICATIVE INTEGRATION 101 

Proof. Take h e Hq, so 'i>o{h) = 1. By the Pfeiffer condition (i.e. condition (*) of 
Definition 5.1.H we have 

AdH(/;)=T(cDo(/!))=Y(l)=idH, 

which says that 

h e Ker(AdH) = Z(H). 
Since Hq C Z(H) it follows that 

f)0 C Lie(Z(H)) c Z([)). 

(Note that H could be disconnected, in w^hich case Z(f)) could be bigger than 

Lie(Z(H)).) D 



Recall the notion of tame connection (Definition 5.3.41. 



Lemma 8.3.6. Let a. be a tame connection for C/X, let a be a closed string in X based 
at xq, and let g := MI(a | (j) e G. Then for any A e f)o one has 

Yf,(g)(A)=A. 

Proof. Let m be the number of pieces in a, and choose k large enough such that 
m < 2^ . We may append to cr a few copies of the constant map xq at its end, so 
that now a has exactly 2 +^ pieces. The group element g is unchanged. 

Denote by cr' the closed string in I^ which is "A:-th subdivision" of the boundary 
31^, based at vq; so cr' has 2*^+^ =4-2'^ pieces. We can construct a piecewise linear 
map / : I^ ^> X such that /(cq) = ^Or srid f o a' = p as strings. According to 
Propositions 3.5.9 and 3.3.22[ [3) w^e have 

g = Ml{f*{^)\cr')^Ml{f*ia)\dI^). 

Let /5 E np„g(X) (g) (] be such that (a, /5) is a connection-curvature pair for 



C/X. By Proposition 5.3.3 the pair (/*(a),/*(/3)) is a connection-curvature pair 
in /* (C/X). Hence by Theorem [6.2.1 we have g = 'i>(){h), where 

/z:=MI(r(«),r(/5)|l2)eH. 

Since A e Lie(Z(H)) it follows that 

Yf, (^) (A) = Yf, (cDo (/z) ) (A) = Ad^ {h){\) = A. 

D 

Remark 8.3.7. The lemma above shows that the holonomy group of a tame con- 
nection a at Xq acts trivially on the inertia subalgebra f)o- Hence the names. 

Lemma 8.3.8. Let C/X be a Lie quasi crossed module with additive feedback over 
(X,xo), let cube a tame connection for C/X, and let Z c Xbea subpolyhedron. 

(1) Let f e (!)pws(Z) ®\) be an inert function relative to C/X. Then there is a 
unique function 

Y^,,(/) : Z ^ ()o 

such that the following condition holds: 

(*) Let crbea string in X, with initial point xq and terminal point z := cr[vi) e 
Z, and let g := MI (a \cr) eG. Then 

T^,„(/)(z)=T^(g)(/(2)). 

(2) The operation Yj, ^ is linear over the ring C?pws(Z). 

(3) The function "Wij^aif) is continuous. 
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Proof. Take a point z G Z. Choose any string a connecting xq to z, and let 

A:=Y^(g)(/(2))e[) 



as in condition (*). Since a is a compatible connection (see Definition 5.2.4| , and 
since / is inert, we know that 

Lie(Oo)(A) = cl>x(xo)(A) = Ad0(^)(cl>x(z)(/(z))) = 0. 

This shows that A G fjg. 

If we were to choose another string cr' with the same initial and terminal points, 
then for g' := MI (a | a') we would have 

(Yf,(g')oYf,(g)-i)(A)=A, 



this according to Lemma 8.3.6 Hence A = Yf|(^')(/(z)). We see that A is inde- 
pendent of the string a, and w^e can define Yf, ,i(/)(z) := A. We obtain a function 
Y(, „(/) : Z ^ \)Q. This proves part (1). 

Part (2) is true because the operator Y[,(g) : () ^ t) is linear. 

It remains to prove part (3). We need to prove that the function Yf, ,i(/) : Z -^ 
\)Q is continuous. So let's fix a point zq G Z, and a string a starting at xq and 
ending at zq. Let g := MI(a | cr). For any point z e Z let c^z : I^ ^- Z be the unique 
linear map with initial point Zq and terminal point z, and let gz := MI (a | Uz). So 

Y^,,(/)(z)=Yf,(g.gz)(/(2)) = (Th(g)oY^(gz))(/(z)). 



But according to Proposition 3.5.13 we know that T|, (gz) ^- 1 e End(f)) as z ^- zq; 



and /(z) — > /(zq) by continuity of /. Therefore 

Y„,.(/)(z)^Yh,„(/)(zo) 

as z ^- zq. D 

To summarize, the lemma says that there is an C'pws(Z)-linear homomorphism 

(8.3.9) Y|,,(t : {inert functions on Z} -^ Ccont(Z) ® ()o, 

where Ocomi'Z^) is the ring of continuous functions Z ^ IR. 

Recall the module CiL^(.{X) of piecewise continuous differential forms, from 
Subsection 11.81 

Proposition 8.3.10. Let ache a tame connection, and let 7 e np„s(X) ®\)he an inert 
form. Then there is a unique piecewise continuous form 

Yi,,.(7)enPwc(x)«)t)o 

with the following property: 

(*) Choose a linear coordinate system s = (s^, . . . , s„) on X, and a smoothing tri- 
angulation {Xj}j^j for 7. Let f-.^i e 0{Xj) ®i) be the coefficients ofj\x, as in 
^32) . Then 

Y„,«(7)lx,. = E ^hAifi,i) ■ ds,i A ■ ■ ■ A ds,-p. 



Note that by Lemma 8.3.3 the functions /; ; are inert, so the continuous func- 
tions Y(,^(t(/y;j) e Ccont(X;) are defined. 

Proof. This is immediate from the uniqueness of the coefficients /v ,-, and the prop- 



erties of the homomorphism Yj,^ listed in Lemma 8.3.8 D 
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Remark 8.3.11. Actually a lot more can be said here. Presumably, one can show 
that 

Ker(<l)x) cOpws(X)0f) 

is the set of piecewise smooth sections of a piecewise smooth vector bundle E over 
X, which is a sub-bundle of the trivial vector bundle X x f). And the operation 
Yf, jj corresponds to a piecewise smooth isomorphism of vector bundles 

E ^ X X ()o. 

If so, then it would follow that for any inert form 7 e npvvs(2) ® fl/ the form 
Y(, ,1(7) is actually piecewise smooth (not just piecewise continuous). And we 
would have an (!)pws(X)-linear bijection 

^tjA '■ {inert p-forms on Z} -^ np4vs(2^) ® ho- 
However we did not verify these assertions. 

Suppose we are given a piecewise continuous form S G Cipw^lX) f) and a 



piecewise linear map t : I?" — > X. Extending the formula 1 1.8.7 1 linearly to ()o- 
valued forms we obtain J^^ & i)o- 

Definition 8.3.12 (Integration of Inert Forms). Let C/X be a Lie quasi crossed 
module with additive feedback over {X,xq). Given a tame connection a, an inert 
form 7 G npws(X) ® f) and a piecewise linear map t : IP ^- X, w^e define the 
twisted multiplicative integral 

MI(a,7|T) e Ho 

as follows: 

MI(«,7|T):=expH(/Tf,,,(7)). 



Proposition 8.3.13. Let f : Y ^- X and r : IP ^- Y be piecewise linear maps between 
polyhedra, let a E np^yg(X) (g) g te a tame connection, and let 7 G npws(X) ®\)be an 
inert form. Then /*(«) G Cl^^^iY) ®Qis a tame connection, f*{'y) E Clp^s{Y) i) is 
an inert form, and 

MI(a,7|/oT)=Ml(/*(a),/*(7)|T). 



Proof. The connection f*{oc) is tame for /*(C/X) by Corollary 5.3.5 It is easy to 
see directly from the definitions that /* (7) is inert, and moreover 

Y^,/*w(r(7)) =r(Y^,.(7)) en|5wc(Y)0f). 

And Integration of piecewise continuous forms commutes with pullbacks (see 



Subsection 1.81. D 



8.4. Combinatorics and Integration. In this subsection w^e work with the pointed 
polyhedron (X,Xo) '■= i^^/'^o)- We fix a Lie quasi crossed module with additive 
feedback 

C/l3 = (G,H,Y,cDo,cl>x), 

and a piecewise smooth connection-curvature pair (a, j6) in C/l^. Let us also fix 
a euclidean norm || — 1| on (], an open set V(){H) in H, and constants eo{H) and 
co(H) as in Section [2] 

Lemma 8.4.1. Let (c^, t) be a balloon in (1^,vq). Then 

Ml(a,/3|8((7,T)) eHo. 
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Proof. Let us write h := Ml(a,/3 1 8(c7-, t)) E H and g := Ml(a | 33(cr, t)) e G. 
According to Theorem 6.2.1 we have <l>o(/i) = g. 

On the other hand, consider the word w{s) G Wrd (si, . . . ,812) such that 

331^ = zv{pi,...,pi2), 

where pi,...,pi2 are the oriented 1-cells of sd I^. Then [w{pi,. . . ,pi2)] = 1 in 
;ri(skisd'^I''). By Lemma 7.1.2 we know that w{s) ~can 1 in Wrd*^(s). Now 
writing gi := MI(a | jO,) we have g = w{gi, . . .,^"12) = 1 in the group G. We see 
that/! eKer(<l)o) = Ho. D 

Lemma 8.4.2. Take k = 0,1. Let p = (^{cri, t,)) . , be a sequence of kites in {I^, vq), 
all patterned on sd I^. Write 

aj := [d{ai,Ti)] E 7ri(skisd''I^) 

and 

hi :=MI(a,,6|(7,-,T,) e H. 

Let w{s) E Wrd (si, . . . , s„) be a word such that 

w{ai,...,a„) = 1 
in n'i(skisd I'^) and 

[w{ti, . . . ,T„)] =0 

in H2(sk2sd''l3). Then 

w{hi, . . . ,h„) = 1 
inH. 



Observe that by Lemma 8.2.1 the chain w{ti, . . . , t„) is a cycle, so w^e can talk 
about its homology class. 

Proof First assume k = 0. Let p, E {1,...,6}, d/ E {0,1} and e; E {0,1,2,3} be 
such that 

T,=flip'''(turn^'(Tj,))- 
as maps I ^ -^ I^ . Let a\ := [d{(T^, t^)] and h''- := MI(a, ^ | cr^, tJ), in the notation of 
Definition 8.1.5 There are words Vi{t) E Wrd (ti, . . .,tb) such that 

h]*[<]"'=^,^ «^) 

in the group tti (skj sd I''). According to Corollaries 7.5.2 and 1 
have 



6.3.2 



repeated, we 



hi^AduivM h'^){{h''J-'^'). 



Define 



(-1)' 



Ui{t) := Ad^^^ii (!;,(*)) (y^' ' ) e Wrd±^(t) 



using the conjugation operation from (7.1.1 1. Then /j, = Ui{h^, . . . , /Zg) and fl, = 
Ui{a\,...,al). 
Let 

M(t) := w{ui{t),...,Un{t)) E Wrd*^(t). 

We know that M(fl2,. . .,flg) = 1 in n'i(skisd I^). Hence by Lemmas 8.2.2 1) and 
17.1. 2| we have 

u{t) -can Ad^^^±i(jj(z;(t))((yi ■ ■ -yg)') 
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in Wrd {t), for some word v{t) and integer e. Passing to the abelian group 
H2(sk2 sd I^), with additive notation, we get 

e.[r^ + ...+rl] = [u{T^ i)] = [wir^ t„)] = 0. 



Using Lemma 8.2.2 2) w^e conclude that e = 0, and hence u{t) --^can 1 in Wrd {t). 
Finally, evaluating in the group H we get 

w{h,...,h„)=u{h\,...,hl)^l. 



For t he cas e k — 1 the proof is the same, only using Lemma 8.2.3 instead of 
and working with the with words in Wrd (fi, ...,^43) instead of 

D 



8.2.2 



Lemma 

Wrd±i(fi te). 



8.5. Estimates. We continue with the setup of Subsection 8.4 



Recall the constants C21 {oc, fi) and ^2' {"^^ f^) from Proposition |4.5.4 Among other 
things, these numbers satisfy C2'(a, j6) > 1 and < £2i{ci, fi) < L 

Lemma 8.5.1. There are constants c^[oi,^) and ^^(a, /5) with these properties: 
(i) C(,{a.,^) > C2'(a,(6) and 

0<ee{a,^) < min(i ■ C6(a,/3)-i ■ eo(H), e2'(a,i6)). 

(ii) Suppose {o;t) is a cubical balloon (I'', cq) such that side(T) < e6(a, /3) and 
lenfcr) < 6. Then 



and 



Ml{cc,^\d{cr,T)) eVo{H) 



logH(Ml(a,^|a(t7,T))) II <C6(a,^)-side(T) 



Proof. The proof is basically the same as that of Lemma 6.L2 but using Proposi- 

D 



tion 



4.5.4 instead of Proposition 3.5.11 



Suppose (u, t) is a nondegenerate cubical balloon in (I^, cq)- Let us write 
e := side(T); Z := t(I''), which is an oriented cube in I^; and zq := T^ij, \, \), the 
midpoint of Z. Let s = (si, S2, S3) be the orthonormal linear coordinate system on 
Z such that t* (s,) = e ■ tj. 

Assume that the forms a|z and fi\z are smooth. Let ai,a2/S3 G ^i^) CS be 
the coefficients of a 1 2 relative to s, namely 

l</<3 
And let (61,2/^1,3/^2,3 G 0{Z) §5 f) be the coefficients of ji\z relative to s, namely 

^lz= E ft,y ■ ds/ A ds^. 

l</<;<3 

Recall the Lie algebra map 

!/.„=Lie(Yf,):0^End(f)). 
For any / we get a function 

ipi,{&i) eC(Z)®End(fi); 
so for any i, j, k there is a function 
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Z = T(I^) 



t(p2) 



t{»3) 



251 



t(po) 



23 



Zl. 



A 



:P3 



^^^......^H 



P2 



24 



-Z2 



26 



vPO 



T(i?l) 



FiGtXRE 32. Illustration for Subsection l8.5l 



(8.5.2) 



7 



a^vpu; -r 5^(^1,2) 



Define the function 

+ % (ai)(^2,3) - !/'f,(a2)(^l,3) + % (ft3)(ft,2) £ 0{Z) ® [). 

Let CTpj be the following string in Z: 

(8.5.3) tT-pr 



■0 (z;o,(i,aO)) * ((i,0,0),(i,i,0)) * ((i,i,0),(i,i,i)). 



So CTpi- has initial point t{vq) and terminal point zq; see Figure 32 Define 

(8.5.4) ^0 := MI(a | Upr) and g := MI(a | a) 

in G. 

For f G {1, . . . ,6} we consider the points z, £ Z defined as follows: 

zi := t{\,1,\), Z2 := t[1,\,\), Z3 := t(2, 3,!), 

Z4 := T(i 0, \), Z5 := t(0, i i), zg := T(i i 0). 



See Figure 32 We define the strings 



(8.5.5) 



where CTpj- is the probe in I^; see formula 14.2.4 1. So p'^ has initial point t(co) ^i^d 
terminal point z,. Let 

g;:=MI(«|p;)eG. 
For i E {1, ... ,6} w^e define elements A, G t) as follows: 



(8.5.6) 



Ai 
A2 
A3 
A4 
As 

A6 



= -^'-Yr,(g-g;)(^i,3(zi)), 
= e'-Y„(g-g^) (^2,3(22)), 
= e'-Y„(g-g^) (^1,2(23)), 
= -^'-Yf,(g-g;)(^i,3(z4)), 
= ^'-Y„(^-^^) (^2,3(25)), 
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It is easy to see from Definition |4.3.3| that 

(8.5.7) expH(A,) = RPo(a,^ | di{a,T)). 

Lemma 8.5.8. There are constants c-j{a.,^) and e'j{ci,fi) with these properties: 

(i) C7(a,/3) > C(,{cc,^) and 

< evia,^) < mui(e6(a,^), ]^ei(a)) . 

(ii) Let ((7, t) be a nondegenerate cubical balloon in (I'', z^o) ^^^ e := side(T). 
Assume that e < e7{oc,fi), len(cr) < 6, and the forms u\z and ^\z are smooth. 
Then, with A, as in 18.5.61, the following estimate holds: 

\\\o^^{Ml{a,fi\d{a,T)))-Y,\^^\,\\<cA,a,f>)-e\ 
Proof. Let us set 

c:= 12-max(c2(a,j6), exp(c4(a,Yf,) -9) ■ ||iS||sob) ■ 
According to Proposition 4.5.2 2), if e < £2 (a, f>) then 

(8.5.9) ||log„(MI(a,^|3,(c7,T)))-A,|| < C2{a, ^) ■ e^ < ^c ■ e\ 
And by Proposition 3.5.10| we know that 

||A,-j| < exp(c4(a, Y„) ■ 9) ■ ||/3||sob ■ e^ < ^c ■ e^ . 
Hence 

(8.5.10) ||logH(MI(a,/5|a,-(c7,T))) || < ^c-e^. 

We will take 

e^iccf,) := min(e6(a,^), c'^/^ ■ eo{H)^/^) . 
Now assume that e < e7(ft;, /5). Then by property (ii) of Theorem 2.1.2 used in 
conjunction with the bound 18.5.10 1, w^e get 

II logH(nliMI('^,/5 1 a,-(^,T))) - J2l^Ml{a,fi\ dM,T)) II 
<co(H)-(c-e2)2 = co(H)-c2.e4. 

Combining this with | 8.5.9[ l w^e obtain 

(8511. ||log^(ntaM%,/5|3,KT)))-EtiA,|| 

<{c,{H)-c^ + \c)-e\ 
Thus the constant 

CvioL,^) :=max(co(H) ■ c^ + \c, C(,{oc,^)) 
works. D 

Definition 8.5.12. (1) Let {(t,t) be a square kite in (I'^, z^o). We will say that 

(cr, t) is {a,fi)-tiny (in this section) if side(T) < e7{a,fi) and len(cr) < 9. 
(2) Let (cr, t) be a cubical balloon in {1'^,vq). We will say that (u, t) is (a, /5)- 
tiny if side(T) < £7(0;, /5) and len(cr) < 6. 

Note that if (u, t) is an (a, /5)-tiny cubical balloon, then the kites dj{a, t) are all 
(a, ^)-tuiy. 

Let {a, t) be a cubical balloon in (I'^, vq). For i G {1, . . . , 6} let pi be the linear 
map I^ ^> Z such that jD/(co) = ^ and p,(ci) = z,-. Recall the string cfp,- from 
(8.5.3 1. For every i E {1, ...,6} the string Cpj- * pi has initial point t(co) ^i^d 
terminal point Z;. Let 

^, :=MI(a|p,-)eG. 
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The form a | z is smooth, and hence we have 

a' :=!/»h(a|z) e n^(Z) 0End(()). 



As in Definition 1.3.3 there is an associated constant form at zq: 

a'(zo)eni„„,t(Z)®End(f)). 
In this way for every i we get 

' a'(zo) e End([)). 



Lemma 8.5.13. There is a constant C8(a, j6) with this property: 

(*) Let {(T,t) be a nondegenerate {cc, fi)-tiny cubical balloon in {\^,vq), with e : = 
side(T). Then, in the notation above, the estimate 

II ^Ofe-^D-Y^fe -^0)0(1+ /«'(zo))||<C8(«,/3)-e2 

Jpi 

holds for every i e {1, . . . ,6}. 



3.5.12 



Proof. Consider such a balloon. Recall the strings p'^ from formula 18.5.5 1. Since 
e < £7(0;, /5) < ^ei(a), we see that for every i the closed string joj * (upr * Pi)^^ 
has 

len(p- * (cTpr *p,)"i) < 10 ■ e < ei(a). 

And this closed string bounds an area less than 10 ■ e^. Hence by Corollary 
w^e have 

II logcU; ■ (^0 ■ gr)-^) II < co(G) ■ ci(<.)2 . (10 ■ ef + (10 ■ £2) . ||a||s^^ . 

Therefore there is a constant c', depending only on a, such that 

(8.5.14) \\'^^ig\)-'^^{go-gi)\\<c'-e\ 



By Proposition 3.5.10 we know that 

!|Y^(^)I|<exp(c4(«,Y^)-9)-||a||sob 
and 

||Yh(go)||<exp(c4(a,Y^)-2e)-||a||sob. 
Therefore 

\\^^{g-g'i)-^^{g-gO-gd\\ = \\^^{g)o{^^{g'd-^^{gO-gi)) 

<\\^^{g)\\-\\^i^{g'i)-^i,{go-g,)\\ 

<exp(c4(a,Y^)-9)-||a||sob-c'-e^ 

On the other hand, by Proposition 3.5.13| w^e have the estimate 

||Yhfe)-(l+/«'(zo))||<C5(a,Y^)-|£2. 
J Pi 

We conclude that the constant 

C8(a,^) := exp(c4(a,Y|T) ■ 9) ■ I|aIlsob ■ c' 

+ C5(a,Y^)-|-exp(c4(a,Y^)-12)-||a||2^l,. 
works. 
Lemma 8.5.15. There is a constant cg{a, j6) with this property: 



D 
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(*) Let {(T,t) be a nondegenerate {cc, fi)-tiny cubical balloon in {\^,vq), with e :- 
side(T). Then, in the notation above, the following estimate holds: 

||X:tiA,-e'-Y„(^-^o)(7(zo))||<e'-C9(a,/5). 

Proof. The strategy is to try to estimate the elements A;. 
We begin with f = 1 . Define 

Fi:=^^-Y|,(^-^o)(-^l,3(zo)-2-e-!/'n(a2(zo))(^l,3(zo)) 

- 2 -^^ (4^(20)). 
The Taylor expansion to first order of the function ^13 around Zg gives us 
(8.5.16) pi,3(zi) - (^1,3(^0) - ie- (J-^i,3)(zo)) II < le" ■ ||/3||sob. 



And Lemma 8.5.13 for i = 1, gives 

(8.5.17) \\Y^{g-g'i)-Yi,ig-go)o{l-le-a2{zo))\\<C8{a,fi)-e^. 

Let 

d := exp(c4(a,Y„) ■ 9) ■ | ■ ||/5||sob + cs{tx,^) ■ 2 ■ l|/5l|sob 

+ exp(c4(a/iV ■ 9) ■ 2 ■ Iklls ob • ll/5|lsob ■ 
By combining the estimates | 8.5.16| and ( 8.5.17| we obtain 

(8.5.18) ||Ai-^i|| <d-e'^. 
We do the same thing for A4: let 

H := e^ ■ Y^ (g ■ go) (^i,3(zo) - 2 ■ e ■ ip i,{&2{zo)){k3i^o)) 



2 *" V as. 



The same sort of calculation that got us 18.5.18 1, now gives the inequality 
(8.5.19) ||A4-/i4|| <d-e'' 

And clearly 

^l+^4 = e3.Y^(g.go)(-i/;^(a2(zo))(ft,3(zo))-(g|ft,3)(zo)). 

Plugging inequalities | 8.5.18| and | |8.5.19| into this we get 

(Ai + A4)-(e3.Y^(g.go)(-'Pb(a2(zo))(^i,3(zo))-(3|^i,3)(zo))) 
<e^-2d. 



(8.5.20) 



By a similar calculation for the pairs of indices (2,5) and (3,6) we get these 
analogues of formula | |8.5.20| : 

||(A2 + A5)-(e3.Yf,(^.^o)('/'i,(ai(zo))(^2,3(zo)) + (gf^^2,3)(zo)))|| 

<e^-2d 

and 

||(A3 + A6)-(e3.Yf,(g-go)('/'(,(S3(zo))(^i,2(zo)) + (g|^i,2)(zo)))|| 

<e^-2d. 

Thus, plugging in the value of 7(zo) from | 8.5.2[ we get 

\\i:l^Ai-e'-^^{g-go){7{zo))\\<e'-6d. 

To finish we take cs{oc, /3) := 6d. D 
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The last two lemmas combined give us: 

Lemma 8.5.21. Let (cr, t) be a nondegenerate {a,fi)-tiny cubical balloon in (I'', i^o)/ 
with e := side(T), Z := t(I'') andz := {j, \, \). Assume that oi\z and fi\z are smooth. 
Let 7 e 0{Z) <S)l) be the function from equation |8.5.2l, and let g,gQ & G be the group 
elements from equation 1 8.5.4 1. Then 

II log^(MI(a,/5 1 a((7,T))) - e^ ■ ^^{g-go){7{zo)) || < e* ■ cioK/5), 

where 

cio(a,^) := cs{oc,^) +C9(a,^). 
If, moreover, 7 happens to be an inert function, then 

Yft(g-go)(T(zo))=Y^,«(7)(zo), 
and therefore 

II log„(MI(a,/3 1 3(^7, t))) - e3 . T^,,(7)(2o) || < e^ . cio(a,/5) . 

8.6. Stokes Theorem. Here again we are in the general situation: (X, xg) is a 
pointed polyhedron, 

C/X = (G,H, Y,cDo,cDx) 

is a Lie quasi crossed module with additive feedback, and (a, /5) is a piecewise 
smooth connection-curvature pair in C/X. 

The Lie group map Yf, : G ^> GL([)) induces a Lie algebra map 

ip^:=Lie(Tf,):0^fl[(t))=End(t)). 

By tensoring with npws(X) this induces a map of DG Lie algebras 

!/;„ : npws(X) ® ^ npws(X) ® End([}). 

In this way from the pair a. e np^g(X) ® q and /5 e np,^g(X) ® f) we get 

i/;^(a)(/5)en3^3(x)®f). 

Definition 8.6.1. Let (X,xo) be a pointed polyhedron, let 

C/X = (G,H,Y,cDo,cDx) 

be a Lie quasi crossed module with additive feedback, and let (a, j6) be a piece- 
wise smooth connection-curvature pair in C/X. The 3-curvature of (a, /5) is the 
form 

7:=d(/5)+!/;^(a)(/5)en3^3(X)®f). 

Recall the notion of orientation of a polyhedron (Subsection |L7| . If Z is an ori- 
ented cube, and (81,82,33) is a positively oriented orthonormal linear coordinate 
system on Z, then 

or(Z) = d8i A d82 A d83. 

Lemm a 8.6 .2. Assume that {X,xq) = {i^,VQ), so that we are in the situation of Sub- 
section 



8.5 



Let Z c I be an oriented nondegenerate cube, such that cc\z and /3|z are 
smooth. Let 7 e 0{Z) ®\]be the function from formula (8.5.21. Then 7 is the coefficient 
of'y\z: Namely 

tIz = 7-or(Z). 



Proof. This amounts to expanding the formula in Definition 8.6.1 into coordinates. 

D 
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Lemma 8.6.3. Let {o;t) be a balloon in (X, xq)- Then 

Ml{a, ji \dia,T)) eHo. 
Proof. By definition we have 

m{ci,^\d{a,T))= n Ml(a,^|(c7,T)o(£r!',T,^)) 

1=1,.. .,6 



in the notation of Definition 8.1.5 For every index i we have, by Theorem 6.2.1 
an equality 

cDo(Ml(a,/5|(£r,T)o(t7-|',T,^)) =Ml{c,\d{{a,T) o {ctIt^))) 

in the group G. Now from Figure [31] we see that the closed string 

aai3= n ^(^/'■^') 

/=1,...,6 

is cancellation equivalent to the empty string in the monoid of strings in I'^. There- 
fore the closed string 

ddia,T)= n a((^,T)o(^|',T;')) 

i=l,...,6 

is cancellation equivalent to the empty string in the monoid of strings in X. By 
Proposition 3.5.8 w^e can conclude that 



in G. Hence 



n Ml(«,/3|8((cr,T)o(cr|',T,^)))=l 

i=l,...,6 

<I>o(Ml(a,^|a(^,T))) =1. 



n 



Lemma 8.6.4. Let {(T,t) be a balloon in {X,xq). Then there is a piecewise linear map 
f : (I^,i'o) ~^ {X,xq), and a cubical balloon {c' ,t') in {\^,vq), such that len(cr') < 2, 
/It'(i3) ^'s linear, and 

{cT,T)=fo{cr',T') 
as balloons in (X, xq)- 



Proof. Just like the proof of Proposition 4.1.6 



D 



Lemma 8.6.5. Let (c^, t) be a balloon in (X, xq). Take any k >0. Then 

Ml(a,,6 I 3(tes''(t7,T))) = Ml(a,^ | d{(T,T)). 

Proof. Due to the recursive nature of the tessellations it is enough to consider the 
case k = 1. As in the first paragraph in the proof of Lemma 7.3.3 and using 
Lemma 



basic ba 



8.6.4 



we can assume that (X,xo) = (I , cq) and {cr,T) = {a^,T^), the 



loon. 



The assertion is now an easy consequence of Lemma 8.4.2 and Corollary 7.5.2 



D 

Theorem 8.6.6 (Nonabelian 3-dunensional Stokes Theorem). Let {X,xq) be a 
pointed polyhedron, let C/X be a Lie quasi crossed module with additive feedback, let 
{oi,f>) be a piecewise smooth connection-curvature pair in C/X, and let 7 he the 3- 
curvature of {a, /3). Then: 

(1) The form 7 is inert. 
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(2) For any balloon (cr, t) in {X,xq) one has 

MI(a,^|a(cr,T)) =MI(a,7|T) 

inH. 

Proof. (1) Since 7 is a 3-form, it is enough to prove that the form 7|z G ^pws(2^) ® 
t) is inert for every cube Z in X. Given such a cube Z, choose a linear map / : 
I^ ->X such that Z = /(I^). Then 7|z is inert if and only if f*{j) e O^^^il^) (g) 
t) is inert, with respect to the induced Lie quasi crossed module with additive 
feedback /*(C/X). Hence we might as well assume that (X, xq) = (I^/^^o)- 

Now the singular locus of a. and the singular locus of /5 are contained in a finite 
union of polygons in I^. So by continuity it is enough to show that 7|z is inert 
for cubes Z c l^ such that a|z and /5|z are smooth. In this case 7 is also smooth. 

Given such a cube Z, choose an orientation on it, and let 7 G 0(Z) () be 



the coefficient of 7|z (in the sense of Definition 1.7.2 1. We have to prove that the 
function 7 is inert; namely that 7(2) E Ker(Ox(2:)) for every z G Z. Again by 
continuity, it is enough to look at z G Int Z. 

We are allow^ed to move the cube Z around the point z and to shrink it. 
Hence it is enough to take an (a, j6)-tiny balloon (c^, t), and to show that 7(z) E 
Ker(cl)x(z)) for the midpoint z := T(i, i, i) of Z := t(i3). 

Let g and ^0 be the group elements from equation | |8.5.4| . By Lemma 8.6.3 
have 

Ml(a,,6|8(t7,T) eHo, 



we 



and by Lemma 8.5.1 we have 



Taking logarithms we see that 

log^(Ml(a,/5|3(^,T)) ef)o. 



By Lemma 8.5.21 it follows that the distance of the element Yj, ( 
the linear subspace f)o is at most cjq ■ £*■ 



■^0) (7(2)) from 



Now by Proposition 3.5.10 1) there is a uniform bound on the norm of the oper- 
ator Yf, (^ ■ ^0)^^/ say c'. So the distance of 7(z) from the subspace Ker{<S>x{z)) C 
() is at most c' ■ c ■ e. 

Since w^e can make e arbitrarily small, w^e conclude that 7(z) E Ker(Ox(2:)). 

(2) By the functoriality of MI(a, j6 | 3((j, t)) and MI(a, 7 | t) (see Propositions 
and 8.3.13| , and using the construction of Lemma 8.6.4 
(X,xo) = (I^,i'o) and len(cr) < 2. 

Take any A: > 0. Consider the sequence 



we can assume 



4.5.3 
TEat 



which was defined in Subsection 8.1 The twisted multiplicative integration of 
inert forms is multiplicative: 

MI(a,7|T)= Yl Ml(a,7|TOTf). 

i=l,...,8'' 



On the other hand, by Lemma 8.6.5| we know that 

Ml{ci,^\d{a,T))= Yl MI(a,^|a(((7,T)o((7f,Tf))). 



! = 1,...,8* 
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So it suffices to prove that 

Ml{a,p\d{{a,T)o{af,Tf)))=Ml{a,j\TOTf) 

for every i e {1, . . . , 8*^} . 

If k is large enough then all the balloons in tes'^(cr, t) are (a, j6)-tiny. We con- 
clude that it suffices to prove the equality 

Ml{a,^\d{cr,T)) =MI(a,7|T) 

for an (a, /5)-tiny balloon {(T,t) in (I'',5:;o). 

Suppose we are given an (a, /5)-tiny balloon ((7, t), and a natural number k. 
Let 6 := side(T). For any index i E {1, . . . ,8*^} let Z,- := (t o t^'^)(I'^), which is an 
oriented cube in I'' of side (l)*^ ■ £, and let z, := (to t^){\, \, \)- Define 

good(T,A:) := {i \ a.\zi and j6|z, are smooth }, 

and define bad(T,A:) to be the complement of good (t, A:) in {1, . . . ,8*'}. Since the 
singular loci of a and /5 are contained in a finite union of polygons, it follows that 

|bad(T,fc)| <a2{cc,^)-4:'' + ao{cc,^) 



for some constants aQ{oc, fi),a2{oi, fi), that are independent of k; cf. Lemma 4.4.13 



For i E good(T,fc) let 7,- E 0{Zi) (g) f) be the coefficient of j\zj, in the sense of 
Definition [1.7.21 and let 

According to Lemmas |8.5.21| and 8.6.2 we know that 

||logH(Ml(^,/5|a(KT)o(^f,Tf))))-f.,||<(i)4'^.e4.cioK/5). 



On the other hand, for i E bad(T,A:) let //, := e f). According to Lemma 8.5.1 
we have the inequality 



Let 



log^(Ml(«,/5 1 3(Kt) o (alrf)))) - ^ \\ < C^f' ■ e^ ■ c,{^,f>>) . 



RSfc(a,7|T) := ^ ^u,- E ho- 



Applying property (iv) of Theorem 2.1.2 with the inequalities above w^e get 

II logH(Ml(a,^ I ct,t))- RS,c(a,7 I t) || 
<co(H).(8*^.(i)4'^.e4.cio(<,,/5) 

+ (a2(«,/5) ■ 4*^ + flo(«,/5)) ■ {\f^ ■ £3 . c6(«,/3)). 

We see that the difference tends to as A: ^- 00. But 

lim ESk{oc,j\T) =logH(MI(a,7|T)). 



D 



Remark 8.6.7. Part (1) of Theorem 8.6.6 is a variant of of the Bianchi identity. 
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8.7. PDEs and Rationality. Here are a couple of remarks not directly related to 
the Stokes Theorem. 

Remark 8.7.1. Let a e n^(I^) ® g. For x e I^ let ax '-l^ ^ I^ be the linear map 
defined on vertices by (Tx{vq,vi) := {vq,x). Let 

(8.7.2) g{x):=Ml{oi\a.c)EG. 

It is well known that the function g : l^ ^- G defined in this w^ay is smooth, and 
moreover it satisfies the differential equation 

(8.7.3) dlog(^) = a 

with initial condition g{0) = 1. See [DF] for the case G = GL„(]R), in which 

dlog(g) = g~'^ ■ dg 

as matrices. This ODE determines the function g. 

Now consider a Lie crossed module C, and a smooth connection-curvature 
pair (a, /5) over C/I^. For a point x G I^ let Tx : l^ ^^ I^ be the linear map defined 
on vertices by 

And let a be the empty string, so that {a, Tx) is a kite in (I-^, Vq). Define 

h{x) ■.= Ml{ci,^\a,Tx) EH. 

Presumably the function h : l^ ^ H is smooth, and it satisfies a partial differential 
equation generalizing |8.7.3|. We did not check this assertion. 



Remark 8.7.4. Let K be a subfield of IR. As common is algebraic geometry, let 
us denote by A"(K) the set of K-rational points of A"(]R); namely those points 
X e A" (R) whose coordinates satisfy i/(x) e K, f = 1, . . . , n. 

By (embedded) polyhedron defined over K we mean a polyhedron X c A" (R), 
such that all the vertices of X belong to A" (K). For such X, and for every field L 
such that K c L C R, we can talk about the set X(L) of L-rational points of X. 
The real polyhedron is of course X(R). 

Suppose Y is another polyhedron defined over K. We can similarly define 
piecewise linear maps f : Y ^> X defined over K. Thus w^e can talk about kites in 
X defined over K. 

By a rather obvious (though not standard) algebro-geometric construction, one 
can define the ring 0^i„{X) of algebraic functions on X. This is a K-algebra con- 
tained in 0{X). Similarly one can define the modules O^j (X) of algebraic differ- 
ential forms (relative to K), which are contained in Ci.P{X). 

Now assume that w^e are given a Lie crossed module 

C = (G,H,Y,cDo) 

in which the groups G and H are unipotent linear algebraic groups defined over K, 
and the maps Y, Oq ^re defined over K. To be precise, the Lie groups in this setup 
are G(R) and H(R). The Lie algebras q and f) are then also varieties defined over 
K. Furthermore, the exponential maps exp^^ : g — > G and exp^ : f) ^ H are 
isomorphisms of algebraic varieties defined over K. 

Let us denote by Ij^ the polyhedron defined over K such that I]k(R) is the 
usual line segment I^. Suppose we are given an algebraic differential form 

«enPg(4)®Kfl(K). 
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It is not hard to show (using the ODE 18.7.31, and the fact that expg is algebraic) 



that the map g^ : I^ — > G of 18.7.2 1 is defined over K. In particular we get 



g{l) =Ml{cc\l^) eG(K). 
From this it follows that for any polyhedron X defined over K, any 

aen^jg(x)®K0(K) 

and any string {7 in X defined over K, one has 

MI(a I a) e G(K). 

The above can be extended to a piecewise algebraic form cc, and to an algebraic 
quasi crossed module with additive feedback C/X, all defined over K, without 
much difficulty. 

Now consider a piecewise algebraic connection-curvature pair (a, j6) in C/X, 
and a kite {a, t) in (X, xq) defined over K. Is it true that 

MI(a,,6|t7,T) e H(K) ? 

We believe the answer is positive; but w^e did no work it out. 
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9. Multiplicative Integration on Triangular Kites 

In this section (X, xq) is a pointed manifold. We introduce triangular kites and 
the corresponding multiplicative integration. 

9.1. Triangular Kites and Balloons. Recall that the polyhedra I^ and A^ are iden- 
tified via the linear isomorphism A ^ I^ that on vertices is {vq,v-[) h^ {vq,Vi). 

A piecewise smooth path in X is a piecewise smooth map u : I^ ^- X. When 
convenient we shall view such a path as a piecewise smooth map A ^ X using 
the identification above. 

Suppose ux, [72 : I^ -^ X are piecewise smooth paths satisfying cr^ (cj ) = 0'2{vq). 
Their product is the piecewise smooth path 

(jj * (72 : I^ ^ X 

defined as follows: 

, ^^w . .^ f^i(2fl) ifO<fl<i 

[cri*a2)(a). j^^^2fl - 1) if i < « < 1. 

Note that this is the standard product used in homotopy theory, and it is distinct 
from the concatenation operation on strings. In particular this product is not 
associative nor unital. 

The inverse of a piecewise smooth path ct" : I^ — )• X is the piecewise smooth 
path a~^ : I^ — > X defined by 

a~^{a) := a{l — a). 

Suppose Z is a polyhedron, / : Z ^ X is a piecewise smooth map, and a = 
{(/■[,... ,Cm) is a string in Z, with m > 1. This data gives rise to a piecewise 
smooth path / o cr in X defined as follows: 

(9.1.1) focr-- ((/otT-j) * if 00-2)) * ■ ■ ■ * (/o(7m). 

In this formula we view each / o tj/ as a piecewise smooth path in X, and the 
multiplication * is that of paths. For the empty string a (i.e. m = 0) the path f ocr 
is not alw^ays defined; but if X has a base point xq, then w^e usually define f o a 
to be the constant path xq. 

Definition 9.1.2. A piecewise smooth triangular kite in (X, xq) is a pair {cr, t), consist- 
ing of piecewise smooth maps (7 : I^ — > X and t : A^ — > X, satisfying ^{vq) = Xq 
and cr{vi) = t(z;o). 

See Figure [1] for an illustration. 
The boundary of A^ is the string 

(9.1.3) aA^ := {vo,vi) * (i'i,i'2) * (^2,^0) 

(consisting of 3 pieces) in A^. 

Definition 9.1.4. Let (u, t) be a piecewise smooth triangular kite in (X, xq)- Its 
boundary is the piecewise smooth path 

d{a, t) := (cr * (t o 3A^)) * cr~^. 

See Figure |2] 

Definition 9.1.5. A piecewise smooth triangular balloon in (X, xq) is a pair {(T,t), 
consisting of piecewise smooth maps u : I^ — )• X and t : A^ — )• X, satisfying 

cr{vo) = xo and (t{vi) = t(57o). 
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Figure 33. The boundary of I''. 



See Figure [3] for an illustration. 

Let (Z,zo) be a pointed polyhedron. By linear triangular kite in {Z,zq) we mean 
the obvious variant of linear quadrangular kite. Namely this is a pair {o',t), 
consisting of a string o" in Z and a linear map t : A — )• X. These must satisfy 

^{vo) = zq and (t{vi) = t{vq). Likewise we define linear triangular balloons. 

Definition 9.1.6. The boundary of A is the sequence of linear triangular kites 

dA^ = (3iA^32A^a3A^94A3) 

in (A , Cq) defined as follows. 

• Let CTj, CTj, (7^ be the empty strings in A''. And let a^:!^^ A^ be the linear 
map defined on vertices by 

0^1(^0/^1) := N/^l)- 

• Let T? : A — > A be the linear maps given on vertices by: 



The kite are 



t|(5:;o,57i,5:;2) 
a,A3 : = 



(^0/^3/^2), 
(^0/J'2/'^l)- 



See Figure 33 



Warning: the kites {cr,T?) above should be confused with the quadrangular 
kites from Definition 8.L5} despite the same notation. 

Definition 9.1.7. Let (u, t) be a piecewise smooth triangular balloon in (X, Xg)- 
Its boundary is the sequence of piecewise smooth triangular kites 

d{cr,T) := {di{a,T), d2{o;T), d:i{o;T), 34(0", t)) 



118 



AMNON YEKUTIELI 



in (X, xq)/ where 

See Figure |4] for an illustration. 

9.2. MI on Triangular Kites. As before, (X, xq) is a pointed manifold. 
Let 

C:= (G,H, Y,cDo) 

be a Lie quasi crossed module (Definition 5.1.1 1. As usual we write q := Lie(G) 
and i) := Lie(H). An additive feedback for C over (X,xo) is an element 

OxeC(X)®Hom([),0) 



satisfying condition (**) of Definition 5.2.1 Just like in Definition 5.2.2 we call 
the data 

C/X:=(G,H,Y,cl>o,cl>x) 

a Lie quasi crossed module with additive feedback over (X, xq)- 

Definition 9.2.1. Let a G n^(X) (g) g, and let u be a piecewise smooth path in X. 
Consider the piecewise smooth differential form 

a' ■.= a*{K) en^^s (1^)0 0. 

We define 

Ml{ix\cr) :=MI(a'|li) E G 
(cf. Defuiition |3.3.20 l. 

Proposition 9.2.2. Let a e Ci^{X) (g) g. 

(1) Suppose CTi and ai are piecewise smooth paths in X such that ai * £72 is defined. 
Then 

MI(a I ai * 0-2) = MI(a \cti) ■ MI(a | (J2). 

(2) Let a he a piecewise smooth path in X. Then 

(3) Suppose cr' is a string in a polyhedron Z, / : Z — > X fs a piecewise smooth map, 
and cr := f ocr' is the path in X gotten by the operation 19.1.1 l Then 

Ml{oi\a) =MI(/*(a)|tr'). 

Proof. (1) We could use the 2-dimensional Stokes Theorem; but there is an ele- 
mentary proof. Let 0^,02 : I^ ^- I^ be the linear maps belonging to tes^ I^, as in 
Definition 3.1.2 Let u : I^ ^- X be the piecewise smooth map such that cro cr^^ = ct/ 
for i = 1,2. And let a' := cr*(a). Now by definition of * we have o" = uj * (72 as 
paths in X. Hence 

MI(a I 0-1 * t72) = MI(a | a) = MI(a' 1 1^). 

Likewise 

MI(a|cr,-) =yV\{oi\(j o a]) = MI(a' | tr/). 

On the other hand, by Proposition 3.3.22[ 3) w^e know that 

MI(a' 1 1^) = MI(a' \(i\) ■ MI(a' | a\). 



(2) This is immediate from Proposition 3.5.8 2). 

(3) This follows part (1) and induction on the number of pieces in the string 
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Figure 34. The piecewise linear retraction /z : I ^> A 



. t2 ^ a2 



In order to define MI on triangular kites we shall need the following geometric 
construction. Consider the linear triangular kite {a' ,t') in {\^,vq), where the 
string a' has one linear piece a' :V- ^f- I^ defined on vertices by 

(t'{Vq,Vi) ■- {vq,{\,\)). 

The linear map t' : A^- I^ is defined on vertices by 

We also need the linear quadrangular kite {cr' ,t") in (I^, cq)/ vvhere the linear 
map t" : I^ ^> I^ is defined on vertices by 

t"{v,,v^,v^):={{\,\),{1,\),{\,1)). 

We write Z := (j'{V-) and Y := T'{^^). 

Consider the canonical linear embedding A -^ I which on vertices is 

Let /i : I^ — 7> A be the piecewise linear retraction which is linear on A and on 



the the triangle complementary to it, and satisfies ^(1, 1) =v\. See Figure 34 

Lemma 9.2.3. There exists a piecewise linear retraction ^ : I^ — > Y U Z, such that 

gor" = t' oh 
as piecewise linear maps I^ 



l2. 



Proof. Easy exercise. Cf. proof of Proposition 4.1.6 And see Figure 35 



D 



Let us fix such a retraction g, which w^e also view as a piecewise linear map 



Definition 9.2.4. Let a. e D}{X) g and j6 E n^(X) ® [). Given a piecewise 
smooth triangular kite {a, r) in (X,xo) we define its multiplicative integral 

MI(a,^|(7,T) eH 

as follows. Let / : I^ ^ X be the unique piecewise smooth map such that: 

• / o cr' = cr as maps I^ -^ X. 

• / o t' = T as maps A -^ X. 

• f = f o g as maps I^ -^ X, where g : I^ ^- I^ is the chosen retraction. 
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Figure 35. The piecewise linear retraction ^ : I'^ — > Y U Z. Here 
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Figure 36. The piecewise smooth map / : I^ ^> X such that 

/o(c7',t') = (^,t). 



(See Figure [36]) We get differential forms 

«':=/*(«) en^^,(i2)®g 

and 

/5':=r(/5)en2„,(l2)0f,. 

We define 

MI(a, f>\(T,T) := MI(a', ,6' | a', t"), 
where (u', t") is the linear quadrangular kite in (I^, cq) defined above, and 



MI(a', j6' I a', t") is the multiplicative integral from Definition 4.4.16 



This definition might seem strange; but w^e shall soon see that it has all the 
expected good properties. 

Proposition 9.2.5 (Functoriality in X). Let e : {y,yo) -^ (X, xq) be a map of pointed 
manifolds, let a e Q^ (X) ® g, let j6 e n^(X) ® f), and let {a, r) be a piecewise smooth 
triangular kite in (Y,i/o)- Then 

MI(a,^|eotr,eoT) = Ml(e*(a),e*(,6) | tr,T), 
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where the latter is calculated with respect to the Lie quasi crossed module with additive 
feedback e*{C/X). 

Proof. This is immediate from the definition, since (e o /)* = f* o e* for a piece- 
wise smooth map f : l^ ^- Y. D 

Proposition 9.2.6 (Comparison to Quadrangular Kites). Let {Z,zq) be a pointed 
polyhedron, e : {Z,zq) -^ (X,xo) ^ piecewise smooth map preserving base points, 
((7, t) a piecewise smooth triangular kite in {X,xq), {a' ,t') a linear quadrangular kite 
in (Z,zo), a e n^ (X) ® q and /5 e n^(X) ® [). Assume that a = eoa' as paths in X, 
and T oh = cot' as maps I^ -^ X, where h : l^ ^f- A^ is the retraction in Figure 34 
Then 

MI(a,^ I a,T) = Ml{e*{a),e*{^) \ (j\t'), 

where the latter is calculated with respect to the Lie quasi crossed module with additive 
feedback e*{C/X). 



9.2.4 



Proof. The piecewise smooth map / : F ^> X used in Definition 

factored as f = e o f for a piecewise linear map /' : {\^,vq) -^ {Z,zq) of pointed 



can be 



polyhedra. The assertion now follows from Proposition|4.5.3 D 



The notion of compatible connection from Definition 5.2.4 makes sense here 
too, only we have to consider a. G n^(X) ® q (and replace "string" with "piece- 
wise smooth path"). 

Proposition 9.2.7 (Moving the Base Point). Let a £ O^ (X) ® q be a connection 
compatible with C/X, and let p be a piecewise smooth path in X, with initial point xq 
and terminal point xi. Define g := MI(a | p), and let 

OVX= (G,H^, Y,cDg,cDx) 

be the Lie q uasi crossed module with additive feedback over (X, xi) constructed in Sub- 
Given a form /5 e n^(X) ® \) and a piecewise smooth triangular kite [a, t) 



5.4 



section 

in {X,X]), consider the element 

MF(a,^|cr,T) e m 

calculated with respect to the Lie quasi crossed module with additive feedback C^/X. 
Then 

T(^)(MF(a,^|£r,T)) =Ml{oi,^\p*cr,T) 
inH. 

Proof. It is possible to find a polyhedron Z, points Z(),zi G Z, a string p' in Z 
with initial point Zq and terminal point Zi, a linear quadrangular kite {cr',T') in 
(Z,zi) and a piecewise smooth map e : Z — > X, such that p = e o p' as paths and 
((J,t) = eo (a' ,t') as kites. Define oc' := e*(a) and f>' := e*(j6). 

Let C'/Z := e*(C/X) be the induced Lie quasi crossed module with additive 



feedback over the pointed polyhedron (Z,zo). By Proposition 9.2.2 3) we know 
that MI (a' \p') = g- Examining the definition of C^ /X in Subsection 5.4 we see 
that 

e*{CS/X) = {C')S/Z 

as Lie quasi crossed modules with additive feedback over the pointed polyhedron 
(Z,zi). Therefore MF(a',/5' | cr',T') is unambiguous. 



By Proposition 9.2.6 we know that 

MF(a', ,6' I a', r') = MF(a, ^\a,T) 
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and 

MI(a', P'\p' * a', t') =Ml{ci,^\p*a,T). 
Finally, by Theorem |5.4.8| we have 

MI^(a', p' I a', t') = MI(a', ^'\p'* a', t'). 

D 

9.3. Stokes Theorems. We continue with the setup from before: (X, xq) is a 
pointed manifold, and 

C/X = (G,H,T,cl>o,cl>x) 

be a Lie quasi crossed module with additive feedback. 

Just like in Definition 5.3.1 a connection-curvature pair for C/X is a pair (a, /3), 
with a e n^(X) ® g and /5 e n^(X) ® 1), such that a is a compatible connection, 
and the differential equation 

4>x(^)=d(a) + i[a,a] 

holds in n2(X)(g)fl. 

Recall that for a piecewise smooth triangular kite (c^, t), its boundary d{a,T) 
was defined in Definition 19.1.41 

Theorem 9.3.1 (Stokes Theorem for Triangles). Let (X, xq) be a pointed manifold, let 

C/X:=(G,H,Y,cl>o,cl>x) 

be a Lie quasi crossed module with additive feedback over (X, xg), let {cc,fi) be a 
connection-curvature pair for C/X, and let {(t,t) be a piecewise smooth triangular kite 
in (X,xo)- Then 

cDo(MI(a,,6|(7,T)) =MI(a,/3|8(c7,T)). 



Proof. As in the proof of Proposition 9.2.7 we can find a pointed polyhedron 
(Z,Zo), a linear quadrangular kite {a' , t') in (Z, Zg) and a piecewise smooth map 
/ : Z ^> X, such that (ct", t) = /o (c', t') as kites. Define a.' := /*(a) and 
f) := /*(j6). According to Proposition 9.2.2[ [3) w^e have 

Ml{oc,p,\d{a,T)) =MI(a'|3(t7',T')). 

And by Proposition 9.2.6| we have 

MI(a, ^ I cr, t) = MI(a', ,6' | (/ , t'). 



Finally by Theorem 6.2.1 we know that 

MI(a' I d{a',T')) = cl>o(MI(a',,6' | (t',t')). 

□ 

For the 3-dimensional Stokes Theorem w^e shall need an auxiliary geometric 
construction, similar to the one in the previous subsection. Consider the linear 
triangular balloon [cr' ,t') in {\^,Vq), where the string a' has one linear piece 
(7' : I^ — )• I^ defined on vertices by 

cr'{vQ,Vi) := {vq,{\,\,Q)). 

The linear map t' : A^- I'' is defined on vertices by 

t' {vQ,v^,V2,v^) := ((i,i,0),(l,i,0),(i,l,0),(i,i,i)). 

We also need the linear quadrangular balloon [a' , r") in (I'', vq), w^here the linear 
map t" : I'' ^- I'^ is defined on vertices by the same formula as r'. We let 
Z := (7'(li) and Y := t'{A^). See Figure|37 
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Figure 37. The triangular linear balloon [a' ,t') and the quad- 
rangular linear balloon {a' ,t") in the pointed polyhedron 

(I^fo). 





Figure 38. The piecewise linear map hi retracts the cube I'' to 
a prism. The piecewise linear map h^ retracts the prism to the 
tetrahedron A'^. 

Consider the canonical linear embedding A -^ \^ which on vertices is 

{vq,...,V^) h^ {vq,...,Vo,). 

Let /i : I'' ^- A be the piecewise linear retraction h := h2 hi, where hi and h2 



are the retractions shown in Figure 38 



Lemma 9.3.2. There is a piecewise linear retraction g -.1^ ^>- ZUY, such that 

gor" = t' oh 
as maps 1^ -^ I^. 
Proof. Nice exercise in piecewise linear geometry. 



D 
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Let us fix such a retractiong, which we also view as a piecewise linear map 
: l3 -^ l3. 



The notions of tame connection and inert differential form, from Subsections 5.3 



8.3 respectively, make sense here, and all pertinent results hold. Given a tame 
connection a G n^(X) ® Q, an inert form 7 G n''(X) t) and a piecewise smooth 
balloon (u, t) in {X,xq), we define the twisted multiplicative integral 

MI(a,7|cr,T) e Ho 

as follows. Let / : I^ ^ X be the unique piecewise smooth map satisfying: 

• f o a' = a as maps I^ -^ X. 

• / o t' = T as maps A^ -^ X. 

• / = / o g as maps I^ — > X, w^here g : I'' — > I'^ is the chosen retraction. 
Now 

C7l^ :=r(C/X) = (G,H,T,cDo,/*(cI)x)) 
is a Lie quasi crossed module with additive feedback over (I'', vq), 

a':=f*{a)eCll„,{l^)®B 



is a tame connection for Q! IX, and 

■'pws 



7':=r(7)en3 (i3)^(, 



is an inert differential form. We define 

(9.3.3) MI(a,7|(7,T) := Ml(a',7' | t"), 

where t" : I'' ^> I'^ is the linear map described above, and MI (a', 7' | t") is the 



twisted multiplicative integral from Definition 8.3.12 



Remark 9.3.4. The reason that the path u is explicit in the expression 
MI(a, 7 I cr, t) is that this operation could depend on the homotopy class of c, 
in case the manifold X is not simply connected. Since polyhedra are always sim- 
ply connected, we did not have to worry about strings in Definition |8.3.12| 

It is easy to see that MI(a, 7 | (7, t) makes sense for an inert p-form 7 and a 
"p-dimensional balloon" (c^, t), for any p > 0. Moreover, for p — 2 this coincides 
with the nonabelian MI of Definition |9.2.4| 



Recall the boundary d{o; t) of a balloon {a, t) in (X, xq), from Definition 9.1.7 
As is our convention for the multiplicative integral of a sequence, w^e write 

m{ci,^\d{a,T)):= Yl MI(a,^|3,((7,T)). 



;=1,. 



As in Definition 8.6.1 the 3-curvature of (a, /5) is the form 

7:=d(/5)+!/;^(a)(/5)en3(X)0(,. 
Here is the second version of the main result of the paper (the first version w^as 



Theorem 8.6.6 ) 



Theorem 9.3.5 (Stokes Theorem for Tetrahedra). Let {X,xq) be a pointed manifold, 
let C/X be a Lie quasi crossed module with additive feedback, let (a, /5) be a connection- 
curvature pair for C/X, and let 7 be the 3-curvature of (a, /5). Then: 

(1) The differential form 7 is inert. 

(2) For any piecewise smooth balloon {a, t) in (X, xq) one has 

Ml(a,^|a(cr,T)) =MI(a,7|cr,T) 
inH. 
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Proof. (1) It suffices to prove that for any piecewise smooth map / : I'' ^- X the 
form 



7':=r(T)en3 (i3)^(3 



"pwsv 



is inert. Define 
and 



/5':=/*(/5)en2^,(l3)0f,. 



Then (a', /3') is a connection curvature pair in C' /l^ (this is a variant of Propo- 
sition b33 1)), and 7' is the 3-curvature of {a',^'). But according to Theorem 



8.6.6 T) the form 7' is inert. 

(2) Let / : {\^,vq) -^ {X,xq) be the pointed piecewise smooth map constructed 
just before 19.3.3 1. By definition we have 

MI(a,7|(7,T) :=MI(a',7'|T"). 



By Proposition 9.2.6 we know that 

Ml(a,/5 1 d{cT,T)) = Ml(a',/5' | d{(/,T')). 

And by Theorem 8.6.6| 2) we know that 

Ml(a',,6' I d{(r',T")) = Ml(a',7' | t"). 

It remains to prove that 

(9.3.6) Ml(a',^'|a(tr',T')) =Ml{a' ,^' \d{a' ,t")). 

By definition we have 

Ml(a',/5'|a(cr',T')) = n MI(a,/5|a,((7',T')) 
1=1,.. .,4 



and 



Ml{oc',^'\d{a',T"))= Y[ Ml{oc,^\d,{a',T")). 

i=l,...,6 



Using Proposition 9.2.6 and looking at Figures 37 33 and 31 we see that 

MI(a',/5'|ai((7',T")) =1, 

Ml(a',/3'|32(c7',T")) =1, 

Ml(a',/3' I 83(^',t")) = Ml(a',/5' | 3i(^',t')), 

MI(«', /3' I 84(^7', t")) = MI (a', /5' I d2{cr', t')), 

Ml(a',/3' I d5i,7',T")) = Ml(a',/3' | 83(^7', t')) 

and 

Ml(a',^' I d(,{cr',T")) = Ml{a',^' \ d^{a',T')). 

Thus equation |9.3.6| is true. 
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